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Evaluation!

Please fill in the course evaluation and use
the opportunity to make free text comments
to give us useful feedback!
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Script Erratum

Algorithm 6 =-soft, On-Policy Monte Carlo Algorithm

choose a constant learning rate, w
choose a positive ¢ € (0, 1]
Q7 (x,u) < arbitrary
T < an arbitrary -soft policy
Repeat forever:
(a) generate an episode using 7
(b) Policy Evaluation
for each pair (i, u) appearing in the episode
R < return following the first occurrence of (i, u)
Q" (x,u) + Q" (. u) + w (R — Q" (x, u))
(c) Policy Improvement
for each: x in the episode:
u* +— arg max, Q™ (xr,u)

For all a € U(x):

|E/{E:11 if u# u*

. Ol
Tlr,u) <
l( ) £ (1 — m) if u=u"

(d) (optional) decrease c.

Buchli - OLCAR - 2015
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Recap
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Brownian Motion

It IS stochastic process.

1 (-'u_: — ,u,-f)z
Pw(t, w) = Voroor P\ 202
o=l I

E{w(t)} = ut
Var{w(t)} = ot

Buchli - OLCAR - 2015
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Brownian Motion (cnt)

dw(t) = AHEO w(t + At) — w(t)

1. The increment process, dw(t), has a Gaussian distribution with the mean and the variance,

1At and o2 At respectively.

2. The increment process, dw(t), is statistically independent of w(s) for any s < 1.

~) ADRL
i
f\‘/ Buchli - OLCAR - 2015 E'H Ziirich
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Stochastic Differential Equation

dx = f(t,x)dt + g(t,x)dw

e B

‘ Drift Coefficient ‘ ‘ Diffusion Coefficient‘ Brownian Motion
N (0, Idt)

The conditional PDF 1s Gaussian

Py(t+ At,x | t,y) :N(y + f(f—-Y)Af-g(f.y)gin(t.y)ﬁt)

0
W, 1\_;-
CLADRL
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Fokker Planck Equation

® Extracting samples: SDE

dx = f(t,x)dt + g(t,x)dw, N (0, Idt)

® The PDF of process: Fokker Planck equation

[[Dx(t] (t,x | s,y)

1
o,P = —VI(fP) + §Tr V..(gglP) ‘Fokker Planck Eq. ‘

Py)(t = s.x | s.y) = 0(x /Zj) ‘ Initial Condition ‘

A ‘ The effective covariance ‘
)y ADRL
Buchli - OLCAR - 2015 Ztirich
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Fokker Planck Equation (cnt)

20

15 F

1 1
0 0.5 1 1.5 2
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Linear Markov Decision Process

Three conditions on the optimal control problem:

1) Quadratic control cost
J=F {(I)(X(Tf)) + /tf q(t,x) + %uTRu dt}

2) Control affine system

dx = f(t,x)dt + g(t,. x) (udt + dw) . dw ~ N (0, Xdt)
x =f(t,x) +glt.x) (u+2), e~ N(0.%)

(/

gt ETH .
Buchli - OLCAR - 2015 Zlirich



L11 - 11

Linear Markov Decision Process (cnt)

i
>

\
o \-_ \1I
o
|'l | |'I:}

‘/‘ nonlinear PDE ‘

| 1 A
—0V* =g - JNGVEBVVE + VIV f + DTV, V' E

lV*(t.x) = —\log W(t,x)

| 1 A
—00 = —~q + fIv, U+ 5 Tr[EV.. 0]

; 1 A
U(ts X) = exp (1(1)(;;)) ‘ Final Value problem ‘
ool — \T ‘ The effective Covariance ‘

Buchli - OLCAR - 2015 E'H Zlrich
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Integral by Parts

d(fg)=df g+ fdg

/f gt (x)dr = fg(+00) —

) =0
/f1 g(x)dr

In general case:

lim g(a

|z| =00

100 ~+00
ff(z)g’(z)dz (1)Eff’(1)g(1)(11
“LADRL

ffl g(x)dx

/ Buchli - OLCAR - 2015
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Path Integral Optimal
Control
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Function Inner Product

® Inner product for two vectors

<ul|v>=u'v=> uy

L

® Inner product for two functions

<flg>= [ f@g)de

ZLADRL
b/ Buchli - OLCAR - 2015 E'H Zuirich
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Function Inner Product (cnt.)

® Hermitian Conjugate operator (H') of a
linear operator H

<u|Hv>=<Hu|v>
u! (Hv) = (H'u)!v H =H'

® In the function space
<f|Hg>=<H'f|g>

N /f )Hg(x da:_/HTf

! _
A DRL o0
L
f\/ Buchli - OLCAR - 2015 E'H Ziirich
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Path Integral: Inner Product

® Assume the following inner product
<p|lW¥>= /p(t,x)lp(t,x)dx

where W Is the Desirabllity function,

and £ Is an arbitrary function which satisfies:
lim p(t,x) =0

][ =00

DADRL
?f/ Buchli - OLCAR - 2015 E'H Zurich
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Path Integral: Inner Product (cnt)

® Assume the linear operator introduced by
the Fokker Planck equation

1 A
H=—Tq+ f1V, + STr[EV.]

1
= —— f; | =i
AP BLE Pl ' 0,01,

¢ ! 6,

What is Hermitian Conjugate of “H” in the

function space?
A

gt ETH .
Buchli - OLCAR - 2015 Zlirich



L11 - 18

Path Integral: Inner Product (cnt)

According to the Hermitian Conjugate definition:

< p|HW] >=<H[g] | ¥ >

By using integral by parts:

" 1 afl A aQEij
H = ——¢ —
A\ -i ara 2 » arf &r?
1 Te | A
. 3 Vel g TrlVe Sl

. Buchli - OLCAR - 2015

m Ztirich
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Path Integral: Inner Product (cnt)

Summary:

< p|H[W] >=<H[p] | ¥ >

1 . A
N Vot s r[EV ..
1 A

H = ——q—Vif+ =T =
V4 V., f+ > r\V, 2

ADRL
Buchli - OLCAR - 2015 E'H Zuirich
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P Function

® General idea: if P satisfies the following

d
= | U >=0
- p |

1) P can be a solution to an initial value

problem o(t = 5.)

2) The following equality holds
<p|lU>(t=s)=<p|V>(t=ts)

BN

IF:—..:r;
o Buchli - OLCAR - 2015 E ' ' ‘ Zijrich
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P Function (cnt)
d

Starting with: <P U >=0
d
= — %
0 <P >

It satisfies the LMDP

— /6,; (p(t;X)‘P(taX))dX — O = H[W]

Buchli - OLCAR - 2015 Zlirich
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P Function (cnt)

0=<0Opp | ¥ >—<pl|HVY| >
Using the Hermitian Conjugate operator

0=<p|¥>—<HI[p |V >

<O —H[p] | ¥ >=0
A trivial solution Is:
O p = H' [P]
1 - A _
= ——<qp — VI (fp) T §Tr[vrf(:‘p)]

£
Y R
A ADRL A
b H.i
Buchli - OLCAR - 2015 | =y | Ziirich
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Comparison with Fokker

P =~V (fP) + - Tr [Vuu(gg' P))

Planck

1

1

613[) —

A

It attenuates the probability
distribution over time.

Buchli - OLCAR - 2015
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Comparison with Fokker
Planck (cnt)

|
P = —VI(fP) + 5 Tr V.r(gg' P)]

Pyt)(t = 5.x | s,y) =d(x —y) | The initial condition

dx = f(t,x)dt + g(t, x)dw, N (0,1Idt) | This can be used to
extract samples

i’i‘%A DRL
>“/ Buchli - OLCAR - 2015 E'H Ziirich
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Comparison with Fokker
Planck (cnt)

® An initial condition:

) 1 /\ —
(’)fp — —XQQ T VJT(f)(}) T §Tr[v;r;r('='p)]

plt =5,x)=0(x—y)

® A method to numerically simulate the solution:

dx(t;) = f(t;, x(t;))dt + g(t;, x(t;))dw, X(to=5)=y dw ~ N(0,Xdt)
(
< x(tit1) = x(t;) + dx(t;) with probability exp (—3qdt)

X(t;41) : annihilation with probability 1 — exp (—%th)

\

o
“LADRL
Buchli - OLCAR - 2015 Zlirich
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P Function : Features

® Itis a MDP: 7 = {x(to).x(t1)....x(txn)}

N—1

IO(T ‘ HY) — H ,[}(f-i_+1.X(f-i+1) ‘ TJX(TE)) X(IL.[] — 5) =4
1=0

® The conditioned probability(!!) is

;C'(T“E'—H' X(f.i_+1) ‘ T--i-- X(f@)) — e_%Q(ti*X(ti))dtN(X (f,-_;_j + f(fl X(f@))df. E(f@. X(f?’_)j(ﬁ)

The probabillity of keeping the
gLA DR L sample

= - ETH..
Buchli - OLCAR - 2015 Ztirich
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Trajectory PDF

® Trajectory joint probability distribution

o(7 | 5.y) = He—ﬂ“ X“de( (t3) + (t:, x(t:))dt, B, x(1:)) dt )

1=0

S —Lq(ts x(t;))dt

— HN( ) £t x(8))dt, E(t;, x(t ))dt) =

where P,.Is the uncontrolled system trajectory PDF.

dx(t;) = £(t;. x(t:))dt + gt x(t:))dw,  x(to=5)=y dw ~ N(0, Xdt)

£
e
ADRL
L
f\/ Buchli - OLCAR - 2015 E'H Ziirich
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A Single State PDF

Marginalize the trajectory joint PDF

= {x(to). x(t1) . ... X&)} Sub-trajectory

Sub-trajectory PDF

i —Lq(tsx(t;))dt

pT [ 5.y) =Puc(7 [ 5.y)

Z_: — %q(f«g,x(h))dt

p(x(tﬂ) ‘ S-Y) — / tw( ‘ S, y dX(fl) . ..dX(tﬂ_l)

ADRL
Buchli - OLCAR - 2015 E'H Zuirich
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P Function

Vl) P should be a solution to an initial

value problem p(x(tn) | 5.¥)
plt =5,x)=0(x—Yy)

2) The following equality holds

<plU>(t=s)=<p|¥>(t=1t¢)

DADRL
>/ Buchli - OLCAR - 2015 E'H Zurich
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Time Invariant Inner Product

® Equating the inner product at time S and %7

<plU>(t=s5)=<p|U>(t=ty)

/p(S,XU)lII(H.XUjdXU — /l(}(ff.XL\*)‘«If(ff.X*\r)dXN

using the initial condition for p

f@(x[} — y)'lf(.ﬁ'. X )dxg = /p(ff. Xi\rjllf(ff. XN )dxX N

U(s,y) = /p(ff.xx)llf(ff.xg)dxx

£
2\ ADRL
Buchli - OLCAR - 2015 Zurich
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Time Invariant Inner Product (cnt)

using the terminal condition for

U(s,y) fp(ff.Xy)‘lf(tf,}cj\r)dx;\*

U(s,y)= /ﬁ(ff-x*\‘ﬁei@(”) dx N

We know the PDF of a single state

p(ff.}{;\r) — /[}(T ‘ S.y) d}{(flj . .X(fi\r_l)

N-1

> =gt x(t;))dt

— f]PuC(T ‘ 5’.}/’) e =0 dx(tl) "

CLADRL

Buchli - OLCAR - 2015

: dX(IfN_l)
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Path Integral

N-1

—Lloxn)+ T q(ti.x(ti))d.t)
U(s.y) = /]Pw(’f' | s.y) e A( T dx(ty) ... dx(tn-1)dxy

Equivalently
—+ (cIn(x(tN))—i—Nil ti'fti-xftiﬂdf)
lII(S‘ y) — E'f_uc € =0

. { ~ 4 (x4 alex) ae) }
— Tuc €

Samples can be generated by

dx = f(t,x)dt + g(t.x)dw. dw ~ N (0, Xdt), x(t=s)=Yy

£
“LADRL
Buchli - OLCAR - 2015 Ztirich
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Closer look at Path Integral
formula

® For calculating the Desirability function at
each point

_1($ x(t tf i
lI"(S,y): ETM {O ;\(I( (ff))—kfte q(t.x) dt)}

dx = f(t.x)dt + g(t,x)dw, dw ~ N (0. Xdt), x(t=35)=y

1) Forward simulate the uncontrolled system
from (s,y)up toty
2) Integrate the cost over the generated path

o
(;_4 F:L—;
_ LADRL
>_/ Buchli - OLCAR - 2015 E ' ' ‘ Zuirich



Path Integral: Optimal Control

® Directly calculating the optimal control

u*(s,y) = —R gl (s. y)V,Vi(s.y)
V,U(s.y)
U(s.y)

After a tedious calculation

s+As _1 X by x) d
- { / PR CEIETAEICY t)}
u(s,y) = lim i

As—0 A {ei ((I)(X(tf))+j;0f q(t,x) dt) }

dx = f(t,x)dt + g(t.x)dw, dw ~ N (0. 2dt), x(t=s)=Yy

o
A ADRL
Buchli - OLCAR - 2015 Zirich
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Path Integral: Optimal Control

® Using the white noise formulation & = 4

u'(s.y) = t
) {ei (Bextepn+ ] atex) de) }
o
A
STADRL
Buchli - OLCAR - 2015 m Zlrich
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Path Integral: Issues (1)

® Inefficient sampling

4 (Bt ] atex) )
* . e
u(s,y)=E; ¢

5 {ei (®0xep)+ff atex) a ) }

/

‘ Soft Max

It just has significant value for near optimal solution

What are the chances to hit the optimal solution by a

random walk?

Importance Sampling

/ Buchli - OLCAR - 2015

m Ztirich
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Path Integral: Issues (2)

® Point-wise estimation of the optimal controls

\

A (Rt ) )

E;

uc

{O/‘l‘* (‘I’(X(tf))—kj;f q(t.x) d.t) }

/

The optimal control is estimated independently for each

point

Does the optimal control change drastically from one

point to the other?  £,nction Approximation

Buchli - OLCAR - 2015 E'H Ztirich
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Importance Sampling: Example

Double-slit problem

AT
A ‘ " ‘
LA

»—-f)ltcﬁ
>“/ Buchli - OLCAR - 2015 Zlrich
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Importance Sampling: Example (cnt)

The original Path Integral sampling approach:

10 -
I

0 0.5 1.5 2

AT
gt ETH ..
>*/ Buchli - OLCAR - 2015 Ziirich
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Importance Sampling: Example (cnt)

We would have a better sampling efficiency, If we could
have biased the sampling towards each of the slits!

ol |
E -
4
2 L
0 '-""'."_"}"*w,,,_z - \ i
R A B o Dok
| N S 7=
2} : o p
= - -__ l o 3 . o -;_:,_:_Ja"'f
: ) ; ' l-’}f‘ 2
B N i
\_ 5 /__/_/
8 \T/
| |
o 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
S ADRL fime

/ Buchli - OLCAR - 2015

m Ztirich
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Importance Sampling: Example (cnt)

We would have a better sampling efficiency, If we could
have biased the sampling towards each of the slits!

ot |

x = f(t,x) + g(t,x)e, e~ N(0,X), x(t

x = f(t.x) + g(f‘xj_(_..u. + ). -~ N(0,3). | X(t—5) —y

s)

|
<

-6 N
| | | | I
0

0.2 0.4 0.6 0.8 1 12 1.4 16 18 2

S ADRL fime
>/ Buchli - OLCAR - 2015 E'H Zlirich
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Importance Sampling: Motivations

x =f(t.x) +g(t.x)(u+¢), e~ N(0.XY), x(t=s)=y

1) We have an initial guess about the
optimal solution

2) We want to improve the controller
iIncrementally

DRL
Buchli - OLCAR - 2015 E'H Zuirich
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Importance Sampling: Introduction

Assume the following expectation problem where 1 is a random variable with probability distribution

p() and f(x) is an arbitrary deterministic function.

]::‘,, “’(F” — f flr) plx)dx

oC

We will assume that we have another random variable named y with the probability distribution ¢(y)
and Lets assume that calculating the expectation of an arbitrary function for this random variable is

less costly than the previous one.

The key is to multipl
by the importance
weight!

sz DRL - / sp(y)f(y) dy = E, [f(x)
) — o ! mza'rich

G

Y
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Path Integral: Importance Sampling

E {f e_%({I}(X(tf))+ffi]f q(t,x) dt) }

uc

- {ei (wxtt)fif qte) o) }

The importance weight: “I’;f-c({j"‘\j;)

L

AT

‘f“&A DRL N
Buchli - OLCAR - 2015 E ' " Ziirich
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Path Integral: Importance Sampling

by 1
]P-U.C(T ‘ S Y) _% / §UTRU-d-t + u! Rdw

‘j‘%A DRL
>“/ Buchli - OLCAR - 2015 E'H Ziirich
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Path Integral: Importance Sampling

by 1
] T T
]Pu.c:(T ‘ c‘,y) ei/ 511 RUdt—Fu Rdw
P.(t|s,y)

E {E e_%(‘l’(x(tf))—kﬁzf q(t,x) dt)}
L {ejl‘ <{I}(x(tf))+fttbf q(t.x) d’t) }

u'(s.y) =

. {( o) —%(@(x(tf))ﬂfﬂfg(t.,x)+%uTRu dt+uTRdw)}
s (u+eg)e

i’i‘%A DRL
>“/ Buchli - OLCAR - 2015 E'H Ziirich
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Path Integral: Importance Sampling

. {( Le) —%(fI)(x(ff))—l—f:Dfq(tﬁx)—l—%uTRu dt+11TRdw)}
A lu+e) e

u*(s.y) =
E {ei (‘I’(X(ff))‘kf;g q(t.x)+3uTRu dt+uTRdw) }

ff 1 - f-f -
R(7:s.y) —(Il(x(ff))Jr/ (q(t.x)+2u Ru) dt+/ u’ Rdw

It iIs actually the Return, we have previously used in the RL section!

J = E|R(7T:to,%0)]

s

A
CLADRL

m Ziirich
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Path Integral: IS proof

The means

xl:—[lN( EV PR, = ¢, x(1 )),jf) are different!

T A (e e A e st = . x 1))

N — . 1 2
Poo(r | 5.y) ) N—1 exp ( — 5l|xit1 —xi — fi-_dtHEidf_)
P.(7]s,y) i=0 €XP ( 2”X3_|_1 — fidt — g@-_u.,-,dt|\251dt)
1 ‘71 T T
Pue(T | s.y) Ry Su Rudt +u” Rdw
= e 0
P.(7]s,y)

‘jLaA DRL
>*/ Buchli - OLCAR - 2015 E'H Ziirich
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Path Integral: IS summery

‘ Optimal Control ‘

x =f(t.x) +g(t.x) (u+¢). e~ N(0.X)., x(t=s)=y ‘Samp“ng SyStem

| t - o Return: integral of
R(T;s,y) —(I:r(x(fr.f))jL/S (q(t.x)+§u Ru) dt+/ﬁ u’ Rdw the cost over path

o
A
“LADRL

Buchli - OLCAR - 2015 Ziirich



L11 - 50

Function Approximation

Motivation

S~ADRL
3 L o0 o
5;‘\/ Buchli - OLCAR - 2015 E'H Ziirich
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Function Approximation (cnt)

® Approximating the optimal control with a Linear
Model (linear w.r.t. to the parameters)

wi(s.y) =Y (s, y)0F +error
/ y \
Basis Function:

nonlinear function of time
and state

Error:
approximation error

v
Parameter Vector:

approximation parameter

0
“LADRL
Buchli - OLCAR - 2015 Ztirich
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Function Approximation (cnt)

® Approximation needs to have a criterion.

07 = argmax L(6;)
0;

‘s 1 * T 2
—argmax [ [ Dut(s.y) — YT (s.y)8:[13 pls. y)dyds
911 to () 2

® Mean Sauare Error (MSE) criterion

ty
o / /p(s.y)dyds =1
to ()

0
“LADRL
Buchli - OLCAR - 2015 Zuirich
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Path Integral: Function Approximation

We have two optimization problems:

1) The Optimal Control problem with the solution

EF {5 ,_%R(T!Ss}’}}
u*(s.y) =u(s,y) —
e

2) The Function Approximation problem

Ly
0; = 1131111&/ /|u, (5.¥) (s.y)0i||5 p(s.y)dyds
to E?' :

ZLADRL
b/ Buchli - OLCAR - 2015 E'H Zuirich
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Path Integral: Function Approximation (cnt)

We can define these optimization problems as a single
optimization problem.

ui(sy) =Y (s, y)0" Ap_prommated
Optimal Control
5 - e_lR(T:S-Y) T
0 = 93_C+e11‘g111111/ Dy 1T (s, y)A0; —<||3 Pr(7 | s.y)p(s.y)drdyds
AD, E.. {e 5:Y, } .
Linear Regression
= f(t,x) +g(t.x) (u+¢). e~ N(0.X), x(t=s)=y Sampling

System

ui(s.y) & X7 (s.y)0i

]k_
ZLADRL
>/ Buchli - OLCAR - 2015 E ' " Zurich
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Path Integral: FA proof

0; = algel?nah/t /p —||ut(s.y) — X (s.y)0i|5 p(s.y)dyds | T4"° Iorg)ro%Fl)é?nXIma 'on

c)L 9*
/ / uf s.y)—Y(s y)@f) Yi(s.y) p(s.y)dyds =0

— ~ R(73s, y{\
/ / (u:(ﬂ y) — T,I-_T(s,y)ﬁg“) Y,(s,y) p(s.y)dyds =0
¢ Y E { __R('Ta-ﬂ:}' }
\

te e—%R(’T:S.,y)
/ / E- < _ (u’f(% y) — Y1 (s, y)ﬁ_f)'fi(s.y) p(s.y) p dyds =0
o | E. { —lﬂ-(T:-ﬂ-y)}

/

j:gA DRL
>“/ Buchli - OLCAR - 2015 E'H Ziirich
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Path Integral: FA proof (cnt)

- 1 (-u-;f.‘(s-y)—Tf(s-y)ﬁf)ﬁf( y) P (7 | 5.y)p(s, y)drdyds = 0
E. {e—IR(T:S.y)}

u; — €+ u; + € — T?Qf) Yi(s.y) Pr.(7| s.y)p(s,y)drdyds = 0

€ | *
wl =
e

For the first three terms. Getting the integral
13(_‘ - w.r.t. trajectory

} ( J(s,y) —ui(s.y) — E)T (s.y) Pr (7| s, ¥)p(s.y)drdyds =

1R('sy

ET.«; {E e_%R(T;Say) }

E’TC {e_%R(T;S:y) }

E
(u
L N L
et ETH..
>/ Buchli - OLCAR - 2015 Zlrich
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Path Integral: FA proof (cnt)

o3 B(7T38y) .
f " (-u..,-_.-_(s. y)+e—T1; (.S.y)ﬁf)Ti(s. y) P (7| s.y)p(s.y)drdyds =0
S P

It iIs equivalent to the following optimization

N - Q_IR(TSH}?} T 5
9_3. — argnnn/ N ||T, (c; y)@i — "M--;’_(-S’. y) — EHE ]P),—C (’T ‘ .S.Y)p(S. y)deYdS
0. E_ {e_IR(T:S‘y)}

e

If we use the same function approximation for wi(s.y) = X (s.y)0;.

07 = 0, .+ argmin / ' 17 (5.¥)28; — |3 Pr.(7 | 5.y)p(s. y)drdyds
E,

AB,

i;\A DRL
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Thanks!
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