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Erratum Script

ol4 d(‘; = Vi + VETE 4+ T [VAE[(E + Bw)(f + Bw)T]Ad]. (1.55)
p28  —x'S(t)x = rr‘lei(rjl{xTQx +u’Ru + 2u’Px + 2xTS(t) Ax + 2x7'S(t)Bu}. (1.105)
u

Equations (1.27), (1.28), (1.29):

VH(n.x) = Lp(X.up) + 0By op,([xun) VH (n+1.x")] (1.27)
V*(n,x) = min [L.n(x. w,) + Fsrp (g V(0 + 1 x’)ﬂ (1.28)
u”(n,x) = arg min [Ln(x. W) + By P (x,un) V* (n+1. X/)]] : (1.29)

Equations (1.143), (1.145):
u*(x) = —R7YP +B'S)x (1.143)

u*(x) = R HP +B!S)x (1.145)
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Class logistics
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Exercise |

* Submission:
e Code must be submitted through website form
e NO EMAIL SUBMISSION!
e submit by Wed, 15.4.2015

e USE OFFICE HOURS FOR QUESTIONS!

* |nterviews:

Interviews on Friday, 17.4.2015, all day
|0 min session/group

explain submitted code and answers
pass/fail grade given

L6 -

4

Office hours:
Thu, 17:30-18:30
Room: ML J37.1

Doodle link for sign up for interview will be given
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Buchli - OLCAR - 2015 E'H Zurich

Tuesday 24 March 15



Lecture 6 Goals

% LQG - Linear quadratic regulator with
gaussian noise

L6 -
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L> Recap
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Solve optimal control
problem

V*(n,x) = min [L,(x,u,) + aV* (n + 1,f, (x,u,))]

|. Principle of optimality: Bellman / HJB Equation
2. Make some assumptions

3. Minimize RHS of Equation

4. ...yields conditions for optimal control

5. substitute back to solve for remaining quantities

;E ADRL
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4.

%DRL

SQP

Initial guess for
parameter

Solve sub problem:
Approximate original
problem with a linear-
quadratic problem

yields new
approximative solution

repeat

VS

Buchli - OLCAR - 2015

L6 -

SLQ

Initial guess for policy

Solve sub problem:
Approximate value
function with a linear-
quadratic

__

yields new
approximative policy

repeat

8
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L6 -

SLQ subproblem in a
nutshell

2.| Forward pass:
integrate to get a state (and controls) trajectory

2.2 Backward pass
Solve simplified optimal control problem around

state and control trajectory

3.Adjust guess for optimal control

choice of: approximation, solver =different SLQ algorithms

AD
% (examples: DDP,iIiLQG, I[LQC)

Tuesday 24 March 15
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ILQC

Overview of derivation

Linearize system dynamics
Quadratize cost

Compute value function
Compute optimal control
Solve for Riccati like equation
Solve Riccati like equation

Buchli - OLCAR - 2015

L6 - 10

ETH i

Tuesday 24 March 15



L6 - |1

ILQC main iteration

0. Initialization: we assume that an initial, feasible policy g and initial state xq is given. Then,
: , : nonlinear system
for every iteration (i): - ca e
N Xnpt+1 = fn(xna un)

Forward pass o
1. Roll-Out: perform a forward-integration of the system dynamlcs (1.70) subject to initial condi-

tion xg and the current policy ;. Thus, obtain the nominal state- and control input trajectories

@ %P forn=0,1,...,N.
S _ ‘————__——JJ ) 6xn+l ~ An.(sxn + B"(Sun
6. Lmear-Quadrat:c Approx:matlon build a local, Imear-quadratlc approximation around every\ A= (?f():?,; Uy)
state-input pair (hn "(z)) as described in Equations (1.75) to (1.78). " OF(%,,, )
n = S

Backwards pass
3. Compute the Control Law: solve

affme control policy through equati

~

uations (1.84) to (1.86) backward in time and design the

>u(n, z) =, + 0wl + K, (x, — %)

a( are sufficiently close.

4. Go back to 1. and repeaf until the sequences a1

=Q,+A’s, 1A, +K'H, K, +K'G, + GTK, | 5
J =gy + ﬁx?\'q,\' + ;jdx?\'Q;\-h‘x,\-

qn+A sn+1+K H 5uff+KTgn—|—GT5uff 2
i ,\ 12 p; i g i -
" {(In . x (Sxyl; Qqn + 6“71. n + —(SX,I. Qn‘sxn + _6uyll R, du, + 5“,{ P,.(SX,,}
Spn = qn + Spa1 + §5uff Hnéufif + (5uflf gn ,Zo 2 2
Vne{0,---,N-1}:

, OL(x,.0,) FL(x,. 0,)
Gn = Ln(Xn, 05). Qn = Px . n = %

[
P, FL(x,.0,) s JL(x,.u, _l- R, -’)"l_lix:: u,)

Buchli - OLCAR - 2015 ik " T o
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Optimal control: FF/FB

du, = -H g, — H 1G,.0x,

feed-forward term dul/ = -H g,
feedback term K, 0x,, feedback gain matrix K,, := —H_'G,

su,, = o’ + K, 0%,

......................................

e| Feedback | usp bisturbancé
controller l
T4t I:TIE] Feedforward|"/ ~ o T

Planner : - — Plant >
: L controller -

Observerf
@ DRL
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LOQR - Linear Quadratic
Regulator

Linearized System Dynamics
Quadratic cost function

Regulates output to zero

Buchli - OLCAR - 2015 Zuirich
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Discrete Time LOQR
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Local approximations...

>, @) ,
Taylor series are polynomials Z / .('mo) (x — xp)"
(X
1=0
polynomials can (locally)
approximate arbitrary \ .
function 1
O,
OO B

f(ﬂT):Z@z‘fEi G0 1

L6 - 15
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Optimal Regulator

Linear
*x Control:

pure state feedback (no forward)
linear control enough to stabilize locally

* Cost: Quadratic
regulator: optimum at x,u =0
increasing for any non-zero x,u
= purely quadratic cost

;E ADRL
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Quadratization of cost function

N-1
J=®(xn) + Z Ly (Xn, up)
"= Control costs

——== State costs

~ O%L(Xp, Uy)

Qn=—"573 ‘Mixing terms’
O L(%.;05)
= ou?
0B (x%y)
Qv = 0x?

Note that all derivatives w.r.t. u are zero for the terminal time-step NV

Q, R, P are given through definition of cost!

Buchli - OLCAR - 2015

Tuesday 24 March 15



L6 - 18

gn é | o.\
I _ o G, 2P, +B.S, 1A,
5un — H b” A T
H, 4R, +B!S,;1B.

= Q,+A!S, 1A, +K'H, K, +K!'G, + GI'K,
=qn T A£Sn+1 =+ KTH Qlff + KTgn + GT5uff

1 T T
Sn = Qn T Sp+1 T 55112 qull;flf + 511?,fo gn

;5 ADRL
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Purely Quadratic cost

N-1
1 1 1
) = §X7]:,QNXN + E —XZ;Qan + §u£Rnun -+ ug;ann
n=0

at optimum no linear term (locally symmetric)

cf with polynomial

=5 Xa8:) =0 qn = P =0 Ty = P =0
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Ansatz for Value Function

2 1
V*(n+1,6Xn41) = Sn41 + 6Xo 4 1Sn41 + 5<5x;’,f+1s,,,+1<5xn+1

@ DRL
Tuesday 24 March 15

Vi(n,x) = =x

'S, x

Buchli - OLCAR - 2015
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Ricatti Equation

K, = -H 'G,
S, = AlS, 1A, +KIH K, +KIG, +GIK s T
n=Qn+ nOnt+10n + Ky HpKy + K, G + G Koy G,=P,+B,S,11A,
= Qn + A£Sn+1 A, — GgHr_LlGn H, =R, + BZS"“B“

%Dlscrete time Riccati equatlon

=Q,+A'S, A, - (P +A'S,.1B,)R,

— —— = = e —

solve backwards Sy = Qpu
Optimal policy

) ==H-1Ex Pure feedback / no feedforward

= _(R/n i BZ:Sn+1Bn)—1(Pn T Bz:sn+1An)x

;5 ADRL
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Continuous time LOQR

Continuos-time linear time variant system

x(t) = A(t)x(t) + B(t)u(t)

J &
= —x(T)TQrx(T) + /0 (%x(t)TQ(t)x(t) + %u(t)TR(t)u(t) + u(t)TP(t)x(t)> dt

Hamilton Jacobi Bellman Equation:

. min{ L(z, u) + (%Z:)Tf(ﬂ?au)}

ot uclU
;5 ADRL
Buchli - OLCAR - 2015 E'H Zuirich

Tuesday 24 March 15



L6 - 23

Riccati Equation

Optimal control
u*(t,x) = -R~' (P + BTS(t)) X

$=-SA-ATS+ (P+B’S)' R (P+B7S)-Q

S(T) = Qr
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EOF Recap
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L6
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Stochastic LQR!!
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| QG(R)

LQR + additive gaussian noise
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Stochasticity where!

5.2 NONLINEAR SYSTEMS WITH RANDOM INPUTS AND
IMPERFECT MEASUREMENTS

If a dynamic system is driven by uncertain disturbances, the stochastic
optimal trajectory must be generated using measurements of the state. If
the mdsurements contamrand crrorsA then the fcedback contrl res-

courscunous SO it is deslmblc to minimize their eff ects, at thc same time
transmitting the maximum amount of information about the state. There-
forc thc bcs( nu hbormg, conlrol strategy involves optimal state estimation

w“f—‘?_.:accmdm W

_ ————— T — gl
7,,-77«,——-V‘ - - ._.7,..‘/—«'.?,,-- — — S

timal control. The estimator introduces caution or hedging in
control | hy not responding to deviations that probably are due

tO measurement error.

from [Stengel, “Optimal control & Estimation”, 1994]
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Optimal Estimation

We will not look at the optimal estimation
problem!

BUT: It can be treated with the same tools
(c.f. Kalman Filter)

See: Certainty Equivalence Property

;,E ADRL
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LQG(R) — Linear Quadratic
Gaussian Regulator

Linear system dynamics
Quadratic cost function
Gaussian process noise

Regulates states to zero

Buchli - OLCAR - 2015 m Zlirich
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LQG Problem

It is a stochastic problem.
® The LQR-type cost function will be stochastic

® LQG cost function is expectation of LQR cost
function

® The noise is Gaussian, not any arbitrary noise

® Gaussian noise have physical interpretations.

® Most importantly, it has a nice analytical feature: It is closed
under a linear transformation.

ADRL
Buchli - OLCAR - 2015 m Ziirich
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Discrete Time LQG:
Finite Horizon
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

Xn+1 — Anxn 1 B-nun + CI X(()) — X0 given

Zero mean \

Elwy,| =0 Gaussian process should be
9 T -/ N defined by its
Elw,w;,| = 10(n —m) Mean & Covariance
Uncorrelated

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

Xn+1 — An,xn + Bnun + Cr X(”) — X() given

How to simulate it:

In each time step, extract a
E'W.,IWT] — 16(n —m) sample from a Gaussian
distribution with zero mean and
identity covariance.

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

X1 :n +n +,, x(0) = xq given

Can be any arbitrary functions of time.

However they should be bounded.

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

Xn+1 — A, x, +Byu, + C,w, X(U) — X0 given

'~

It is a Gaussian process:
ElC,w,| =C,E[w,| =0

E [(ann)(mem)T} =C,FE [W”W?;] cl = c,ct o(n —m)

m -

)y ADRL
e
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Problem Definition

® Pure quadratic cost function

Q, Pl
P, R,

N—-1
1 .
= @ Dt ]

n=>0

Without E and «a it is equivalent to the LQR
cost function

It is Just written in vector form

Buchli - OLCAR - 2015
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Problem Definition

® Pure quadratic cost function

_ N-1
1 .
1= e D@ s S

n=>0

Q n P 7];
P n Rn

Xn
un

Q is discount factor or decay factor.

For finite horizon it is usually chosen |I.

However for infinite horizon it should be chosen smaller
than |; otherwise the summation does not exist.

AL
Buchli - OLCAR - 2015 Ziirich
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How to Solve it?

Dynamic
Programming ‘ ILQC ‘ LQR

; LQG

We just need to choose the correct formula!

p

A "ADR
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How to

Solve it!

Discrete Time

Continuous Time

Optimization Problem:
Xn+1 = f(Xn-, un) + wp,

Wn ~ Py (- | Xp, up)
N-1
min E{aV®(N)+ 3 oFL(xp,u)} a€]0,1]

uo—-N-1 k=0
Stochastic Bellman equation:

Optimization Problem:
dx = f(x¢, up)dt + B(x¢, ug)dwy

min E{e P d(tf) + fgf e PL (x4, uy)dt}

uo—)tf

Stochastic HJB equation:

§ V*(n.x) :nllxin{L(m’ Up) BVH(t,x) — Vi*(t,x) = nlllitn{L(X. u¢)+
> . . 1 .
a +aE[V*(n+1,%,41)]} S{g}___{gﬂ_ﬁ_}!-3-3 VAT (1, x)f(x, uy) + STV, x)BEBT]}
G 7 \
©
§ Infinite horizon: ael0,1) Infinite horizon:
al V) =0 V* is not function of time. O(ty) =0 V* is not function of time.
wWn lnw( i A Un) - J(w) - W1 -’A"f(g- 0) Fe—S—0-
Optimization Problem: Optimization Problem: ‘
Xp+1 = (X, uy) ¥ dx = f(x(t). u(t))(h‘ v
) N-1 ‘
min {oV®(N)+ 3 oFL(xp,up)}  a€[0.1] min {e P ®(ts) + [17 e P L(xs, ug)dt}
up—-N-1 k=0 U0ty
§ Bellman equation: HJB equation:
Lo
t‘% V*(n,x) =min{L(x, u,) BV*(t,x) — V¥ (t,x) =min{ L(x¢, uy)
Un U(e)
:_.;J +aVi(n+1,x,41)} Sect‘!gp_"}.3.1 + ‘;:T(f. x)f(x,u)}
2 .
§ Infinite time horizon: ae0,1) Infinite time horizon:
al ®N)=0 V* is not function of time. O(ty) =0 V* is not function of time.

L6 - 19
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Solving Discrete Time

LQG

® Using the appropriate Bellman equation

V*(n,x) = min {Ln(x. W) + @By ops(Jxun) (V* (n+1, X’)”

Uun

® Like the LQR case, we need an Ansatz for the
value function

1 It accounts for the
V¥(n.x) ==x'S i
/(. x) = 5% OnX <« introduced process

noise.

Buchli - OLCAR - 2015 m Zlirich
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Solving Discrete Time

LQG

® Plugging in the Ansatz and the cost function

V*(n.x) = min [Ln(x. u,) + Lo Py (-|xup) [V* (n+1, X’)H

Un

1
T [ » ; T T T —_— [ P
"/ * ( 72 . X) i llllll c E I:X,nv Q‘n’_x'n) | 2 u P.n' X‘n'_ u,n’ Rvn) u.n, (1 XTL 1 S n + 1 X-n +1 2 (1 l "'l‘f‘ 1 ]

n
u n d

)y ADRL
e
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Solving Discrete Time

LQG

® Plugging in the system dynamics and the
assumption about zero mean noise.

1 , , ‘ i
Ve , _ . T ¢ T T N T S Y.
V *(”- X) - nllllll TE [Xn Qn Xn + ZunPan + un, Rnun + (1’Xn_|_1Snv—i—lxn—i—l =+ 201 n+1|
Xn+1 — An Xp T Bn.un + Cn,an
% .1 T 9 T T T
‘ (”- X) — 11&111 §E[Xn Qn.Xn + uun Pan =+ un, Rn Uy + O (An.xn + B'n un) Sn—}—l (Anxn + B-n un)

T AT o,
+ aw,, Cn, S-n-f—lcnwn + 2”“71—}—1}

Notice that the linear term with respect to w_n has vanished!

)y ADRL
e
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Solving Discrete Time
LQG

® Using 77(AB)=T7rBA)& Elw,wl]=1

, 1 |
V *(71-- X) — i §E[XZQ71X71 + ZUZPHX,) + uZRn u, + (\(Anx‘n. + By, un)TSn—l—l (Aan + B, u")

u,

, T ~T o
+ W, C‘n, Sn-f—l C,w, + 2(\"("71‘%—1]

The only stochastic term

1
- : T o, T T | T
Vin,x) = min §{annxn +2u, P,x, +u, R,u, + a(A,x,, + B,u,)" S,,+1(A,x,, + B,u,)
n

+ Q"T'r(s'n#—lcnc;l;) + 20’1"”‘%1}

AN Note: there is no expectation anymore!
~“LADRL
Buchli - OLCAR - 2015 Ziirich
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Solving Discrete Time

LQG

® Minimizing the RHS w.r.t the control input by
setting the gradient to zero

].
e . T e 1 T ) T
‘/ - ( In, X) lll}lll 2 {Xn Qan Zun Pn_X-n un Rn u” (,1(A.n X'n Bn un ) S,1+l (An X‘n_ Bn un )

+ (1’T7'(Sn+1C,ICZ) + 20041}

u*(”- X) — _(Rn + (\'Bz;sn—i—an)_1(P71 + (er;];S’Il-f-lAn)X

This found the optimal control. However we still need
to determine S_n

Buchli - OLCAR - 2015 m Zlirich
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Solving Discrete Time

LQG

® Substituting the optimal control in the equation

, 1 ‘
(P,, + (\BZS,IHA,I)} X, + Q [§T'7'(S,,1+1C,1C;‘I;) + v,l+1}

® Re-using the Ansatz for the LHS and then
gathering and grouping the terms on RHS.

Buchli - OLCAR - 2015 m Zlirich
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Solving Discrete Time

LQG

1
§XZ [Qn T afA%'ﬁS"‘HA’” - (P"l + a’Byj;Sn—i—lAn)T(Rn + ai’Bz;Sn-—l—an)_l
1

(Pn + Q"B%—,‘Sn—l—lAn) - Sn.] Xp T [5(1"117)(87‘1—}—107'1 C?;) + QUpy1 — V| = 0.

The green term is a function of state vector to the power of 2.

The blue term is a function of state vector to the power of 0.

This equality should hold for all the values of state vector. Therefore
the coefficients of state vector should be set to zero!

G

ADRL
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Solving Discrete Time

LQG

S-n, — Qn + a’AZSn—{-lAn - (Pn + a"B%iSn—i—lAn)T(Rn + a"B-yY;Sn—i-lB'n.)_l(Pn, + a’BzSn—i—lAn)

1 i
Un = 5(1’T7‘(S.,1_|_1C,1C71;) + VUpa 1, SN — QN UN = 0

If we choose 0=1, this equation is identical to the one for the LQR case
which is called discrete time Riccati equation.

These are difference equations with final values. Therefore they should
be solved backward (in time)!

G

BN

AT
geh DR ETH..
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LQG Summary

® Value function

1
Vin,x) = §XTS.,1,X + vp,

cf. certainty-equivalence principle

® Optimal control

u*(n,x) = —(R, +aB!S,.1B,) (P, + aBlS,  1A,)x
— For a=1,

® D . . exactly the
Riccati equation / same as LOR

S, = Qn + O‘A?;Sn—f-lAn - (Pn + Q'BZS-II,—klAn)T(Rn + Q'B%ﬂ,sn—f-an)_l(Pn + (TBZS'II,—i-lA‘r))

T = ,
l“»n — 5(]T7)(Sn_{._1 C‘n,Cn> + (Tl"‘nv_f_]_. S‘/\v’v — Q‘/\r l’j\r — ()

2

(¢

)y ADRL
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LQG Summary

. °
Value functlon The difference between LQR and

Vi(n.x) = ;XTSNX . LQG
2 The value function in LQG is

always greater than LQR”

® Optimal control

u*(n,x) = —(R, +aB!S,.1B,) (P, + aBlS,  1A,)x

® Riccati equation

Sn — Qn + O‘A‘;];anLlAn - (P'n + ('\'B:,I;S-n—#lAn)T(Rn + ("1'B‘;];S'n»+1Bn)_1(P-n + a'B:,];Sn+1An)

1 ‘ i
Un = 3(1T"(Sn+1cncz) + QUp 11, Sy = QN vy =0

¢
d

_ "Nf_,.';
= ETH
Buchli - OLCAR - 2015 Ziirich
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Proof

: : : . 1
® We just need to prove that v is nonnegative V*(n.x) = 5x' Spx + vy

® We will prove it by induction: First we show that the base case
(n = N) is correct. Then we show that if the assumption for n+]
holds, n should also be correct.

Base case: It is obvious because vy is equal to zero.

Induction: From equation (1.118), we realize that if v, .1 is nonnegative, v, will be nonnegative if
and only if Tr(S,,+1C, CZ) > 0. Now we will show this.
L T
T‘/'(Sn~lcjn(::’£) = T"'(Cj;{sn+lcjn) Un = 5(1‘9T‘, (S’Il—f—lc‘nvc‘ll ) T QUp41,
) 1-T 1 1-
= Z C‘In Sn—HC)'In
i

where C?,, is a the ith column of C,,. Since S,, is always positive semidefinite, CiZSnHCin >0

holds for all i. Therefore T‘/-(S,,_IC,?CZ) > 0, and v, is always nonnegative.

Buchli - OLCAR - 2015 m Zlirich
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Discrete time LQG:
Infinite Horizon

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Cost function

® System dynamics

Xn+1 :®(n -n +@’n

ADRL

T

G

Buchli - OLCAR - 2015

* The summation upper limit is
changed to infinity

* There is no terminal cost

All the coefficients are time
invariant!

x(0) = xq given

m Ziirich
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Solution

® Value function
] * Using the same Ansatz for the value
Vv (x) = SXTEX +v function.
B * Considering that the value function is
® Optlmal controller not a function of time.
u*(x) = —(R+aB'SB) (P + aBSA)x
®

Discrete-time algebraic Riccati equation
S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

Y ;
- Tr(scct
2(1 — ) 7 )

('
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Solution

® Value function
Vi(x) = %XTSX + v
PY . * The optimal control is only a
Optlmal controller function of state vector.
u*(x) = —(R+aB'SB)"'(P +aB'SA)x [+ Itis a linear feedback
- controller.
®

Discrete-time algebraic Riccati equation

S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

Y ;
- Tr(scct
2(1 — ) 7 )

('

Buchli - OLCAR - 2015 m Zlirich
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Solution

Value function

1
Vi(x) = 5x'Sx 4o

e

Optimal controller
u*(x) = —(R+aB'SB) (P + aBSA)x

Discrete-time algebraic Riccati equation

S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

@84 /
= Tr(scch
2(1 — ) 7 )

('

* Using the result from the finite
horizon problem.

* Considering that S is not a
function of time.

Buchli - OLCAR - 2015 m Zlirich
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Solution

® Value function

1 .
Vi(x) = SXTSX + v

e

® Optimal controller
u*(x) = —(R+aB'SB) (P + aBSA)x

® Discrete-time algebraic Riccati equation

S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

Y ;
— Tr(scct
2(1 — ) " )

('

* It accounts for the stochasticity of
the problem.

* It is always nonnegative.
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Solution

® Value function

1
Vi(x) = 5x'Sx 4o

e

® Optimal controller
u*(x) = —(R+aB'SB) (P + aBSA)x

® Discrete-time algebraic Riccati equation

S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

Y .
= Tr(scct
2(1 — ) " )

l'

It is the same equation as the
LQR case,if a =1.
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Solution

Value function
Vi(x) = %XTSX + v

e

Optimal controller
u*(x) = —(R+aB'SB) (P + aBSA)x

Discrete-time algebraic Riccati equation

S=Q+aA’SA — (P +aB'SA)Y(R+aB!'SB) (P + aB!SA)

- % prscch)
2(1 — ) a# 1

However it can approachl in

the limit!

Buchli - OLCAR - 2015 m Zlirich
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Continuous Time LQG:
Finite Horizon

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise.

x(t) = A(#)x(t) + B(t)u(t) ~ C(H)w(t), x(0) =z

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

x(t) = A(H)x(t) + B(t)u(t) + Ct@D). x(0) = o

ar . Zero mean
Elw(t)] =0 Gaussian process should be

EW(f)W(T)T] _ I(5(z‘ o 7_) defined b)’ itS::
' Mean & Covariance

Uncorrelated

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich
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Problem Definition

® Linear system dynamics contaminated by a
Gaussian noise

%(t) = (f) +u(z‘) +@w(z‘), x(0) =

Can be any arbitrary functions of time.

However they should be continuous.

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

® Pure quadratic cost function

) x(t
= Qe [ ol [ 7] ]
(*) ult)

® Without E and B it is equivalent to the LQR cost
function.

Q(t) PT(t)
P(t) R(t)

® B is discount factor or decay factor.

® For finite horizon it is usually chosen O.

® However for infinite horizon, it should be chosen
greater than 0; otherwise the summation does not exist!

Buchli - OLCAR - 2015 K= ¥ F¥ Zirich



How to

Solve it!

Discrete Time

Continuous Time

Optimization Problem:
Xn4+1 = f(xn- u-n) + wy,

~ Pw(‘ | Xn, un)
N

. N-1
min E{aN®(N)+ 3 o*L(xp,up)} a€[0,1]

Up—-N-1 k=0

Stochastic Bellman equation:

WTI

Optimization Problem:
dx = f(Xt, ut)dt = B(Xt, ut)th
Wit ~ N(O Z)

min E{e Ptrd(ty) + f(;'f e PtL(x¢, uy)dt}

ug—)tf

Stochastic HJB equation:

Deterministic System

) N—1
min {oV®(N)+ 3 oFL(xp,up)}  a€[0.1]
Uup—-N-1 k=0

Bellman equation:

V*(n,x) =min{L(x, u,)

Un

+aV*(n+1.x,41)} Sectlonl

ae0,1)
V* is not function of time.

Infinite time horizon:
d(N)=0

g V*(n,x) =min{L(z, u,) BV(t,x) — Vi*(t,x) = min{L(x, us)+
% Un u .
> :
2 +aE[V*(n+1,%n41)]} Sectjgn_,!lg-3 VAT (¢, x)f(x, uy) + STV, x)BIBT]}
@
©
§ Infinite horizon: ae0,1) Infinite horizon:
h| P(N)=0 V* is not function of time. O(tp) =0 V* is not function of time. \
D _/ | \ Sl AC/(O N Awl n‘
Wi Twi |An.un}—U\W)‘. AR TV oy o eT—"
Optimization Problem: Optimization Problem: ‘
Xp+1 = (X, uy) ¥ dx = f(x(t). u(t))(h‘ v

min {e P d(tf) + fotf e PL (x4, ug)dt}

uO—)tf
HJB equation:
BV*(t,x) — V¥ (t,x) =min{ L(x¢, uy)

ll(f)

3.1 VT (1 x)E(x,u))
Infinite time horizon:
O(ty) =0 V* is not function of time.

L6 - 59
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Solving Continuous
Time LQG

® Using the appropriate HJB equation

u(t)

BVE(t,x) — V" (t,x) = min {L(x. u(t)) + 1«"‘;:‘Tff(x. u(t)) + %Tr[l';"xC(z‘)CT(z‘)]}

® Like the LQR case, we need an Ansatz for value
function

1, It accounts for the
Vit x) = 5x7 (1)S(1)x(1) introduced process

noise.
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Solving Continuous
Time LQG
® HJB equation
BV*(t,x) — V(t,x) = 1311(%1 {L(x. u(t)) + V7 f(x u(t)) + %Tr[v;jxcu)cT(m}

® Required partial derivatives

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich
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Solving Continuous
Time LQG

® Plugging in the Ansatz, system dynamics, and the
cost function

BVE(t,x) — V7 (t,x) = min {L(x u(t)) +V *Tff(x u(t)) + 1Tr[V}:‘XC(z‘,)CT(t)]}

u(t) 2

BV —VF = 111111 {XTQX +2u’ Px + u' Ru + 2x' S(Ax + Bu) + Tr(SCC")}

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich



L6 - 66

Solving Continuous
Time LQG

® Minimizing the RHS w.r.t the control input by
setting the gradient to zero

u*(t,x) = —R(t) " (P(t) + BT (1)S(t)) x

® Substituting optimal control in the equation and
gathering and grouping terms on RHS

%XT [S(f)A(f) + AT(1)S(1) - (P(t) + BT (1)S(1)) R™' (P(t) + BT (1)S(1))

+Q(t) +S(t) — ,-fs} x + [i'(r) — Bu(t) + %Tz-(sccT)} — 0

o

,J) N

STADRL
= Buchli - OLCAR - 2015 mzu"lCh
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Solving Continuous
Time LQG

2 [S()A) + AT(1S(H) — (P(1) + BT ()S(1) R (P(1) + BT (1S(1)

+ Q) +S(t) — as] [m — Bult )+%Tr(SCCT)] — 0

The green term is a function of state vector to the power of 2.

The blue term is a function of state vector to the power of 0.

This equality should hold for all the values of state vector.
Therefore the coefficients of state vector should be set to zero!

ﬂ\
\;"/‘ Fﬁﬂ
) ADRL
«g o0 [ ]
7/‘/ Buchli - OLCAR - 2015 m Zlirich
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LQG Summary

. .
Value functlon The difference between LQR and
VH(t.x) = ‘ixT(f)S(f)X(f) + LQG
2 “The value function in LQG is

always greater than LQR”

® Optimal control

u*(t,x) = —R(t) " (P(t) + B (1)S(1)) x

For (=0,

. . . Exactly the
® Riccati equation came 22 LOR

S=p3S—SA—ATS+ (P+B7S) R (P+B7S) - Q.| with S(T) = Qr.

1 . ‘
0= Bu(t) — 5Tr(SCCT) with v(7') = 0.

2

(¢

AADRL
L
= Buchli - OLCAR - 2015 m Ziirich
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Continuous-time LQG:
Infinite Horizon

Buchli - OLCAR - 2015 m Zlirich
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Problem Definition

* The summation upper limit is

. changed to infinity.
® Cost function

* There is no terminal cost.

— i ‘ (D—ﬁt XT uT Q PT X(f) ;
Tk {F [ 2 (”] P R u(z‘)] ”}
® System dynamics

x(t) = Ax(t) + Bu(t) + Cw(t) x(0) = xg given

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich
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Problem Definition

* The summation upper limit is
changed to infinity.

* There is no terminal cost.

Q P’

P R

® Cost function
X‘T(f) uT(f)] zg;] (h‘}

1 o0
-]‘E{/
2 0
B3>0 B#0

® System dynamics It can approach in limit to 0.

x(t) = Ax(t) + Bu(t) + Cw(t) x(0) = xg given

)y ADRL
e
7/(1‘\/ Buchli - OLCAR - 2015 m Ziirich



L6 -76

Problem Definition

* The summation upper limit is
changed to infinity.

T : inal

X(f)] (h‘}

u(t)

° . All the coefficients are time
System dynamics invariant!

(1) :@(1‘) +(z‘) +@r(z‘) x(0) = xq given

® Cost function

3ol oo wolf§ T

)y ADRL
e
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Solution

® Value function
] * Using the same Ansatz for the value
Vv (x) = SXTEX + v function.
) * Considering that the value function is
® Optlmal Controller not a function of time.
u(x) = —R 1P+ B'S)x
®

Continuous-time algebraic Riccati equation

~3S+SA+ATS— (P+B”S) R (P+B’S)+ Q=0

1 .
o(t) = %T-r(SCCT)

i

STADRL
= Buchli - OLCAR - 2015 mzu"lCh
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Solution

® Value function
Vi(x) = %XTSX + v
® Optimal controller + The optimal control is only a
f(x) — —R-1(P + BTS function of state vector.
Y ﬂ— B (P + >£ * It is a linear feedback controller.
@

Continuous-time algebraic Riccati equation

~3S+SA+ATS— (P+B”S) R (P+B’S)+ Q=0

1 .
v(t) = %T-r(SCCT)

i

STADRL
= Buchli - OLCAR - 2015 mzu"lCh
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Solution

® Value function
Vi(x) = %XTSX + v

e

Optimal controller
u(x) = —R 1P+ B'S)x

Continuous-time algebraic Riccati equation

~3S+SA+ATS— (P+B”S) R (P+B’S)+ Q=0
1 .

v(t) = ﬁT-z'(SCCT) * Using the result from the finite

- horizon problem.

. * Considering that S is not a

ALA DRL function of time.

Buchli - OLCAR - 2015 Ziirich
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Solution

® Value function
Vi(x) = %XTSX + v

e

® Optimal controller
u(x) = —R 1P+ B'S)x

® Continuous-time algebraic Riccati equation

—3S+SA+ATS— (P+B’S)' R (P+B’S)+ Q=0
1 T

u(t) = QjT"'(SCC ) * It accounts for the stochasticity

of the problem.

* It is always nonnegative.

Buchli - OLCAR - 2015 m Zlirich
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Solution

Value function

Vi(x) = %XTSX + v

e

Optimal controller
u*(x) = —R 1P+ BYS)x

Continuous-time algebraic Riccati equation

—3S+SA+ATS— (P+B’S) R (P+B’S)+ Q=0
1
v(t) = QTT'I'(SCCT)

It is the same equation as the
LQR case, if 3 =0.
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Solution

Value function

Vi(x) = %XTSX + v

e

Optimal controller
u(x) = —R 1P+ B'S)x

Continuous-time algebraic Riccati equation

~3S+SA+ATS— (P+B”S) R (P+B’S)+ Q=0
1 .

u(t) = 5-Tr(SCCT) 5 #0

However it can be arbitrary

small!
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Practical considerations

RO b ustness Guaranteed Margins for LQG Regulators {

JOHN C. DOYLE

Abstract—There are none.

LQG works well for
SISO W———

MIMO can be
problematic in terms
of robustness

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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