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Erratum Script

A r .
pl4 cli/t =V +ViTE+ -;—Tr [VacE[(f + Bw)(f + Bw)"]At] . (1.55)
p28  —x'S(t)x = rr.leilrjl{xTQx +u’Ru + 2u’Px + 2xTS(t) Ax + 2x7'S(t)Bu}. (1.105)
u

;5 ADRL
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Class logistics

;5 ADRL
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Exercise groups

Sign up for the exercises IN groups of 2:
https://ethz.doodle.com/c27fqrggtqth2x57

Please avoid single-member groups!

Deadline for inscription: March 20th, 18h

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich

Tuesday 17 March 15


https://ethz.doodle.com/c27fqrggtqth2x57
https://ethz.doodle.com/c27fqrggtqth2x57

L5- 6

Exercises

Exercises

*3 programming exercises

estarting L5, 8, |2

eexercises graded pass/fail

esrade boost for passed exercises
=Ex1:0.1,Ex 2:0.05, Ex 3: 0.1

esolutions will be available at end of semester

etopics of exercises will be used for exam

;,E ADRL
Buchli - OLCAR - 2015 E'H Zuirich
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Exercise |

Today - 16:15

* Submission:
e Code must be submitted through website form
e NO EMAIL SUBMISSION!
e submit by Wed, 15.4.2015

e USE OFFICE HOURS FOR QUESTIONS!  [Gce four

. Thu, 17:30-18:30
* |nterviews: Room: ML [37.1

Interviews on Friday, 17.4.2015, all day

|0 min session/group

explain submitted code and answers

pass/fail grade given

Doodle link for sign up for interview will be given

;,E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Lecture 5 Goals

% Derivation of ILQC (Part Il)
% LQR

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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L4 Recap

;5 ADRL
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Solve optimal control
problem

V*(n,x) = min [L,(x,u,) + aV* (n + 1,f, (x,u,))]

|. Principle of optimality: Bellman / HJB Equation
2. Make some assumptions

3. Minimize RHS of Equation

4. ...yields conditions for optimal control

5. substitute back to solve for remaining quantities

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Sequential Quadratic
Programming (SQP)
‘Unsolvable Nonlinear Program’:
ma:}n flz) r € R"
s.t. fi(z) <0,
0,

|dea: Approximate nonlinear program by a QP,
solve iteratively

L5 - 11

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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Sequential Quadratic
Programming (SQP)

|dea: Approximate nonlinear program by a QP,
solve iteratively

eInitial guess 5150

e Approximate f(.’]j) at :zo by 2nd order Taylor series expansion

f(z) ~ (o) + (= — 80) "V f(F0) + (@~ 30 P f(0) @~ ) SQuUAre in X

fi(z) = fj(Z0) + (z — Z0)" V £j(Z0)
hi(z) ~ hj(Zo) + (x — Z0)T Vh;(Zo)

constraints: first order

eyields new approximative solution X1

*repeat

% DRL if problem convex
Buchli - OLCAR - 2015 E'H Ztirich
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Sequential Linear Quadratic
Control - SLQ

r N—-1
min | ®(x(N)) + » = Ln(x(n),u(n))
n=>0

s.t. x(n+1) = f(x(n),u(n)) x(0) = xg

win,;x) = u(n,;x)

|dea: Fit simplified subproblem to
original problem, solve iteratively

Class of algorithms

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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value function — optimization target — quadratic

system dynamics — constraints — linear

; iE ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich
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4.

%DRL

SQP

Initial guess for
parameter

Solve sub problem:
Approximate original
problem with a linear-
quadratic problem

yields new
approximative solution

repeat

VS

Buchli - OLCAR - 2015

L5- 15

SLQ

Initial guess for policy

Solve sub problem:
Approximate value
function with a linear-
quadratic

__

yields new
approximative policy

repeat

ETH i

Tuesday 17 March 15
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SLQ subproblem in a
nutshell

2.| Forward pass:
integrate to get a state (and controls) trajectory

2.2 Backward pass
Solve simplified optimal control problem around

state and control trajectory

3.Adjust guess for optimal control

choice of: approximation, solver =different SLQ algorithms

AD
% (examples: DDP,iIiLQG, I[LQC)

Tuesday 17 March 15



%DRL

ILQC

Overview of derivation

Linearize system dynamics
Quadratize cost

Compute value function
Compute optimal control
Solve for Riccati like equation
Solve Riccati like equation

Buchli - OLCAR - 2015

L5-17

ETH i
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Linearization of system dynamics

A, and B,, are independent of 0x,, and Ju,,

A, and B,, are time varying

nonlinear —linear, time variant
@D R L

Buchli - OLCAR - 2015 E'H Zlirich
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Quadratization of cost function

N-1
J=®xN)+ Y  Ln(Xn,un)

n=0

1
J ~qn + 0xNqn + §5x%QN5xN __Control costs

——== State costs

OL(Xp, 0y) _ 0°L(%n, 01p)

Gn = Ln(Xn, Un), Un=—p — Qn=—"573 Mixing terms
O*L(X,, 0,) OL(Xp,0p) 0*L(%,, 0,)
Pr Budx ' " u Rn=—%w
n=:AN-:
- 0P(x,) 82<I>(5cn)
gN = q)(xn)s aqN = oOx ' QN = Ix2

Note that all derivatives w.r.t. u are zero for the terminal time-step NV

Q, R, P are given through definition of cost!

Buchli - OLCAR - 2015
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Compute Value function

(2) Quadratic Ansatz for Value function

Ansatz: Quadratic Value function

1

V*(n+1,6%Xp+1) = Spt1 + 0Xpyy18nt1 + §5XC£+1 Sn+10Xn+1

S.,Sn,Sn  are unknown

and will have to be computed... later!

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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V*(n,dxp) = min |gn + Sp+1 + 5XZ(Qn = A£Sn+1)

Un

1 1
+ 50%, (Qn + A7 Sn11An)0%n + 007 (8n + GndXn) + 50Uy, Hoduy

@ DRL
Buchli - OLCAR - 2015

relabel terms depending on controls

A 7 il
gn =TInp Bn Sn+1

Gn = Pn -+ B£Sn+1An
H,2R,+B.:S,.1B,

L5 - 21

(1.80)

ETH i

Tuesday 17 March 15
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Optimal control: FF/FB

du, = -H g, — H 1G,.0x,

feed-forward term dul/ = -H g,
feedback term K, 0x,, feedback gain matrix K,, := —H_'G,

su,, = o’ + K, 0%,

......................................

e| Feedback | usp bisturbancé
controller l
T4t I:TIE] Feedforward|"/ ~ o T

Planner : - — Plant >
: L controller -

Observerf
@ DRL
Buchli - OLCAR - 2015 E'H Zuirich
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ﬁ/ﬁxo

L5 - 23

check ‘units’

ou, = —H 'g, - H 'G,ix,

H 'g, H 'G,0x,
R..)! (r...) R..)"! (P...) 0X o,
ou? oL ot L
02L  Ou 92L  Oudx
ou ou
RL
Buchli - OLCAR - 2015 E'H Zurich
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check ‘units’

ou, = —H 'g, - H 'G,ix,
H 'g, H 'G,0x,

) R..)"! (P..) ox,

ouX %5
x g ¥

Buchli - OLCAR - 2015 E'H Zlirich
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—1 —1
feed-forward term (5u£f = —H_ lgn

feedback gain matrix K,, := —H_'G,

functions of unknown Si,sn,Sn

gn = rp + Bgsn—{—l
Gn = Pn -+ BZ;Sn-{-lAn
H,2R,+B:S,.B,

Solving for S,,.s,,, sn

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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EOF Recap

;5 ADRL
Buchli - OLCAR - 2015 E'H Zurich
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LS

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Solving for S,,,s,,, s

du, = -H g, — H 1G,.0x,

feed-forward term 5u£f = —H_ lgn

feedback term K, 0x, feedback gain matrix K,, := —H_'G,

replace du, = éu/’ + K, ix,

plug into

V*(n,0xp) = min |gn + Sp41 + 5X;I;(Qn + AZ:SrH»l)

Un

1 1
+ 50%5, (Qn + A Sni1An)0%n + Uy (8n + GndXn) + 50U, Hodu, ]

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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V*(n, 0Xp) = min |qn + Sp41 + 5x£(qn . 2 A;I;Sn—l—l)

Un

(5u£f a Kn(SXn)T(gn + G, 0x,,)

1
_|_§(5u£f + Kn5Xn)THn(5u£f -+ Kn5xn)

5u,£ngn - 5u£fTGn5Xn +0xKlg, + x! K'G,éx,

1
+5 (ou "H,0u/ 7 +oull H, K, 0%, +0xIKTH,6uff + 6xTKTH, K,,6x,)

1
5ufng + §5uffTH5uff +oxT(GTou!/ + K'g + KTHou'/)

1
+ §(SXT(KTHK +K'G + GTK)éx

;,E ADRL
Buchli - OLCAR - 2015 E'H Zirich
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= min |gn + Sn+1 + 5x£(Qn 5 Azsn+l)

Un

1 1
+ 56%0(Qn + ATSn+1A0)0%, + 0uf (g + GndXn) + 50ur Hyduy

V*(n,dx,) = s, + 5xz;sn + §5x£Sn5xn

: Optimal control
Quadratic Ansatz P

1
6ufng + iéuffTH(Suff + oxT(GTou!f + KT'g + KTHou'7)

1
+ 5(SxT(KTHK +K'G + G'K)dx

1
1
Qn T Sn+1 v o 5XT(Qn u g ATSn+1) T _5xz;(Qn + A£Sn+lAn)5xn+

5ufngn+ (5uffTH sull +6xI(GLsul! + Kl'g, + KIH, 6ull)

+ §5xn S (K-H.K, + K: G, + G.K,)dx,

sort into terms in  6x* a € (0,1,2]
@D R L

Buchli - OLCAR - 2015 Zlirich
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sort into terms in L5 - 31

1, ox, oxtox?t
1
Sn + 5X£Sn — §5X£Snéxn —

1

Gn + Spa1 + 5XT(qn h ATan) + —5X£(Qn u AZSnHAn)éxn—k

sufle 4+ 1 5uﬂ’TH suff 1+ 6xT(GTsuff + KT g, + KTH,ouf)

n

5x "K'H, K, + K G, + GI'K,)éx,

ne{0,---,N—1}

=Q, +AlS, 1A, +K'H, K, + KI'G, + GIK,
=qn +Als,.1 + K H,6u!/ + Kl'g, + Gl sul/

T
Sp = Qn + Spa1 + §5uff Hn(Squf 1 5u£ngn

Sy = Qn, SN = qN, SN = QN

é,ﬁ ADRL
Buchli - OLCAR - 2015 E'H Zirich
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note symmetry of S (if Q symmetric)!

S positive definite nef0,---,N—1}

- Q, +ATS, 1A, +K'H, K, + KTG,, + GTK,,
= qn +ATs, 1 + K'H,0u/l + K''g, + GTul’

T
Sp = Qn + Spa1 + §5uff Hnéuqflf -+ 5u£ngn

Sy = Qn, SN = QN SN = QN

% S(n) are only a function of known quantltles
system matrix, control gain matrix, cost terms

% ...AND future S (backwards)
Ok Principle of optimality: solve backwards in time

S = —_— m—

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Optimal control

(x’n7 un)
fu, = —H ‘g, — H 'G.0x, A -
Ve have derived R

the ‘incremental’ ou, = Up — Uy,

policy, thus total
control is

u(n,z) = t, + 5u£f + K, (x, — Xp)

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Optimal control f(n+1)

feed-forward term dui/ = -H-lg,
feedback gain matrix K,, := —H'G,

using definition can also write these equations as
511& — (Rn -+ B,',rz;Sn_|_1Bn)_1(I'n -+ B:’,Z;Sn_|_1)

K,=(R,+B!S,.1B,) (P, +B.S, 1A,)

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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ILQGC main iteration

0. Initialization: we assume that an initial, feasible policy g and initial state xq is given. Then,
: , : nonlinear system
for every iteration (i): - ca e
N Xnpt+1 = fn(xna un)

Forward pass o
1. Roll-Out: perform a forward-integration of the system dynamlcs (1.70) subject to initial condi-

tion xg and the current policy ;. Thus, obtain the nominal state- and control input trajectories

@ %P forn=0,1,...,N.
S _ ‘————__——JJ ) 6xn+l ~ An.(sxn + B"(Sun
6. Lmear-Quadrat:c Approx:matlon build a local, Imear-quadratlc approximation around every\ A= (?f():?,; Uy)
state-input pair (hn "(z)) as described in Equations (1.75) to (1.78). " OF(%,,, )
n = S

Backwards pass
3. Compute the Control Law: solve

affme control policy through equati

~

uations (1.84) to (1.86) backward in time and design the

>u(n, z) =, + 0wl + K, (x, — %)

a( are sufficiently close.

4. Go back to 1. and repeaf until the sequences a1

=Q,+A’s, 1A, +K'H, K, +K'G, + GTK, | 5
J =gy + ﬁx?\'q,\' + ;jdx?\'Q;\-h‘x,\-

qn+A sn+1+K H 5uff+KTgn—|—GT5uff o 1 1
" {(In . x (sx;l;\Qu " x 6“;1.‘1'1; . p _(sx;l.‘Qn‘an + _6‘-1"1.‘“4:5“" + ().U;I“P,.(SX,,}
Spn = qn + Spa1 + §5uff Hnéufif + (5uflf gn ,Zo 2 2

Vne{0,---,N-1}:

, OL(x,.0,) FL(x,. 0,)
Gn = Ln(Xn, 05). Qn = Px . n = %

[
P, FL(x,.0,) s JL(x,.u, _l- R, -’)"l_lix:: u,)

Buchli - OLCAR - 2015 ik " T o
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SLQC Recap...

|. Initial guess for policy

~
2. Solve sub problem: 2.| Forward pass:
Approximate value integrate to get a state (and
function with a linear- controls) trajectory
quadratic
2.2 Backward pass
3. yields new Solve simplified optimal control
\ approximative policy problem around state and
. | y control trajectory
\\t\
4. repea T 3.Adjust guess for optimal control

;,E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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%DRL

ILQC

Overview of derivation

Linearize system dynamics
Quadratize cost

Compute value function
Compute optimal control
Solve for Riccati like equation
Solve Riccati like equation

Buchli - OLCAR - 2015
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Local approximations...

>, @) ,
Taylor series are polynomials Z / .('mo) (x — xp)"
(X
1=0
polynomials can (locally)
approximate arbitrary \ .
function 1
O,
OO B

f(ﬂT):Z@z‘fEi G0 1

L5 - 38

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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1 1
i=0 0 0 i = |
-1 —1
1 0 1 1 0
symmetric asymmetric
1/ 1
| — 2 O | 0 | — 3
-1 ] —1
1 0 1
1 1
| = 4 0 0 i =5
-1 —1

;Q ADRL _1 0 1 ‘ ‘ |
Buchli - OLCAR - 2015 E'H Zuirich
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note scale

0.01

agymmetry LL
symmetry

3
L ‘negligible’

R RS
PN N
¢ \
¢ N
’ LY
; ' xXr
A} '
. 4
N ¢
N ’
~ A
“ufl_-"

007 505 0 005

;E ADRL
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Minimum/Maximum is
locally symmetric

no need for linear term
In approximation at minimum

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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‘Shapeology’ of cost function

* Cost can have arbitrary constant offset

® at minimum:;: Y.
. . — =0
e Minimum is locally flat (slope 0) Oz
. . 0°C
e Cost increases everywhere away from min. W <0
€T
* Symmetric
® not at minimum;
oC
* Not locally flat (slope not 0) 7 # 0
e Cost increases towards ‘one side’ 0%C R
. ‘typically’ Ox?
%D - ® asymmetric 201 |oc
- < -
Buchli - OLCAR - 2015 Oz Oz E'H Zuirich
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LOQR - Linear Quadratic
Regulator

Linearized System Dynamics
Quadratic cost function

Regulates output to zero

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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Discrete Time LOQR

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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Linear Regulator

Linear (or linearized) system dynamics:

Xn+1 = ApXy + Bruy,

Regulator: keep states at O

O = X

ou, = Uy,
;5 ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Optimal Regulator

Linear
*x Control:

pure state feedback (no forward)
linear control enough to stabilize locally

* Cost: Quadratic
regulator: optimum at x,u =0
increasing for any non-zero x,u
= purely quadratic cost

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Quadratization of cost function

N-1
J=®(xn) + Z Ly (Xn, up)
"= Control costs

——== State costs

~ O%L(Xp, Uy)

Qn=—"573 ‘Mixing terms’
O L(%.;05)
= ou?
0B (x%y)
Qv = 0x?

Note that all derivatives w.r.t. u are zero for the terminal time-step NV

Q, R, P are given through definition of cost!

Buchli - OLCAR - 2015
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Purely Quadratic cost

N-1
1 1 1
) = §X7]:,QNXN + E —XZ;Qan + §u£Rnun -+ ug;ann
n=0

at optimum no linear term (locally symmetric)

cf with polynomial

=5 Xa8:) =0 qn = P =0 Ty = P =0

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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gn é | o.\
I _ o G, 2P, +B.S, 1A,
5un — H b” A T
H, 4R, +B!S,;1B.

= Q,+A!S, 1A, +K'H, K, +K!'G, + GI'K,
=qn T A£Sn+1 =+ KTH Qlff + KTgn + GT5uff

1 T T
Sn = Qn T Sp+1 T 55112 qull;flf + 511?,fo gn

;5 ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Ansatz for Value Function

2 1
V*(n+1,6Xn41) = Sn41 + 6Xo 4 1Sn41 + 5<5x;’,f+1s,,,+1<5xn+1

@ DRL
Tuesday 17 March 15

Vi(n,x) = =x

'S, x

Buchli - OLCAR - 2015

ETH i
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Ricatti Equation

K, = -H 'G,
S, = AlS, 1A, +KIH K, +KIG, +GIK s T
n=Qn+ nOnt+10n + Ky HpKy + K, G + G Koy G,=P,+B,S,11A,
= Qn + A£Sn+1 A, — GgHr_LlGn H, =R, + BZS"“B“

%Dlscrete time Riccati equatlon

=Q,+A'S, A, - (P +A'S,.1B,)R,

— — = —

solve backwards S = QN
Optimal policy
p*(n,x) = -H, 'G,x
= —(Rp +B1S,11B.) (P, + BIS, 1A)x

;5 ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Infinite time LOR

1 1
g = z —X 0% 4 Run—i—uTPxn

Value function not a function of time

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15
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Algebraic Riccati Equation

1
V*(n, X) — §XTSnX

Value function not a function of time
Sn — Sn—l—l =: S

[Discrete time algebraic Riccati equation

S=Q+ ATSA — (P + ATSB)(R+B'SB) (P + BTSA)

p*(x) = —(R+B?'SB) (P +B'SA)x

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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9

Solve algebraic Riccati Eq.!

S=Q+ATSA — (PT + ATSB)(R+ B?SB) (P + B?SA)

Can be solved going back to recursive definition:

S, =Q,+A'S, 1A, - P +A'S,.1B,)R,+B'S, 1B, '(P,+B.S,1A,)

iterate (backwards in time)

initial condition: S, = 0

Computer algebra packages (e.g. Mathematica) can solve such equations

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich

Tuesday 17 March 15



L5 - 55

Continuous time LOQR

Buchli - OLCAR - 2015 Zuirich
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Continuous time LOQR

Continuos-time linear time variant system

x(t) = A(t)x(t) + B(t)u(t)

J &
= —x(T)TQrx(T) + /0 (%x(t)TQ(t)x(t) + %u(t)TR(t)u(t) + u(t)TP(t)x(t)> dt

Hamilton Jacobi Bellman Equation:

. min{ L(z, u) + (%Z:)Tf(ﬂ?au)}

ot uclU
;5 ADRL
Buchli - OLCAR - 2015 E'H Zuirich
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ov: ov*\"
min{leQx + 1uTRu + u'Px + oV (Ax(t) + Bu(t))}
uelU = 2 2 ox
final value V(T,x) = %XTQTX

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Quadratic Ansatz for Value function

Vi, x) = %XTS(t)X

av;(:,m _ %XTS@)X )
av;(i, %) _ 5(0)x
substitute into:
_ a(;; = min{ LT Qx + ;uTRu +u'Px + (8(;; ) (Ax(t) + Bu(?))}

—xI'S(t)x = meilrjl{xTQx +ulRu + 2u’Px + 2xT'S(t) Ax + 2x' S(t)Bu}

;5 ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Optimal control
—xIS(t)x = gleilljl{xTQx +u’Ru + 2u’Px + 2xTS(t) Ax + 2x7'S(t)Bu}
Va [x'Qx +u'Ru + 2u' Px + 2x"S(t)Ax + 2x" S(t)Bu]| = 0
2Ru + 2Px + 2B7'S(t)x = 0

u*(t,x) = —-R~' (P +B”'S(t)) x

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich
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Solve for S

Substitute optimal control

u*(t,x) = —R~ (P +B'S(t)) x
1IN

—xT'S(t)x = milrjl{xTQx +u’Ru + 2u’Px + 2x7S(t) Ax + 2x7'S(t)Bu}
uec

xT [S(H)A(t) + AT()S(t) - (P(t) + BT(1)S()" R™ (P(t) + BT (£)S(1))

+Q(t) + S(t)]x — 0
for all states x

§=-SA—ATS+ (P+B7S) R (P+B7S)-Q

S(T) = Qr
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Stochastic LQR!!

Buchli - OLCAR - 2015 Zuirich
Tuesday 17 March 15




