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Class logistics

Office hours: Thu, 18-19 Room: ML J37.1

First office hour March 5
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Erratum Script

A% * *T 1 * ! By
pl4 — =W+ Vit + 5 Tr [V E[(f + Bw)(f + Bw)"]At] . (1.55)
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Lecture 3 Goals

% Continuous time optimal control problem
% Value function and optimal value function
% Hamilton Jacobi Bellman Equation

;,E ADRL
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L2 Recap

;5 ADRL
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Discrete optimal control problem

finite time, deterministic

Find control  uj :u*(k, )

control (input) policy

N-1

J=a"®(zn) + Z o Li(zk, UL )
k=0

Given constraints

Lnt+l1 = fn (xn; un)

N __ I— _
—_ _ _ e ——— — ——e———e——

Goal: Optimal policy

u* = arg min J
(v

;E ADRL
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The backwards nature
of the value function

If | want to knowV at given time n, need to
start with final value and compute
backwards

Buchli - OLCAR - 2015 - L3 Ztirich
T March 15
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Optimal policy

optimal value V() < Vinz) Vi,
. equivalent notation - Remember:V is based on cost = minimize
function V*(n,x) = min V¥(n, ) Vn, x
7

Optimal policy is the one that minimizes RHS

f=du, . gl g § = arg min V¥ (), x) vn:0,...,N —1
1L

substitute Bellman Equation_into V'*

V“’(n, X) = Ln(xg lln) + aV* (TI, +1,fn (X, un))

V*(n,x) = min |L,(x,u,) + aV* (n+ 1,f, (x,u,))]
Un
ﬁ Optimal Bellman Equation
ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich
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Optimal Bellman Equation

* Bellman Equation requires working ‘backwards in time’ / from end to start
e Bellman Equation allows to find optimal solution one step at a time
* ...whereas Value function requires optimization of the whole control

sequence at once : N-1
VE(n,z) = o™ "®(zN) + Z o " Li(zk, ug)
k=n

;E ADRL
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Stochastic system

Additive:
Ln4+1 = f(zna un) + Wp,

Additive noise

Wn, Pw( znaun)

Conditional Probability Distribution
‘function of state and control’

General: /
In+l — &

General stochastic dynamics

/
N\ s
T~ Ps(- | zn, up)
;E ADRL
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120

Expectation

Expected value of x:

Discrete E(x E :P ~ E :i 7 N P(r
'CU’L ~ Najs S ( )
states -

‘weighted average’ @

Continuous / 1
E(x) = r)rdr =~ — X
states () p() ZN

S

Mathematical expectation itself is not a random variable!
Numerical approximation is a random variable.

;E ADRL
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Cost in stochastic system!?

* Even if we keep u fixed, path x(0...N)
will be different each time
= thus so is cost

So how to minimize the cost???

X 1dea: minimize ‘in average’, i.e. find best solution
In average

* average = expected value

= minimize expected cost

;,E ADRL
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Cost in stochastic problem

Expected cost:

y . -
J=F |a"®(xy) + Z o L (2, uk)
e k=0 .

Cost is weighted average of all possible costs
Weight = probability of outcome

In stochastic optimal control: Can not optimize
outcome, but only the average outcome (expected
outcome). The actual cost in a ‘rollout’ will always be
different from the expected cost.

;,E ADRL
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Value functions

Value function for policy

N-1 3

VE(n,z) = E |o "®(zNn) + Z o " L (zk, ur)

1 k=n i

Optimal value function

h o i

V*(n,z) =min E [N ®(zn) + Z o "Lt (2, ug)

& L k=n il
Optimal policy _ . _
p* =argmin E [ "®(xy) + Z o " L (2, U

1

2 k=n :

Value function and optimal policy are
deterministic (but a function of probability

@ DRIL distribution P)
Buchli - OLCAR - 2015 - L3 E'H Zurich
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Bellman equation

sum over all X’

V¥(03) = Lule, o) + Kzt V* (1+1,)

Optimal Bellman Equation
V*(n,x) = min [Ln(:c, Up) + Exl,\,pf(,lw,un) [V* (n + 1,:1:’)]]

Un

Optimal Control
u*(n) = arg muin [Ln(a:, Up) + Byt Py (-|2,un) (V= (bl i (2, un))]]

mn

x" conditioned on x(n) and u(n)

optimal control is deterministic, not a random variable!

;E ADRL
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EOF Recap

;5 ADRL
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L3

;E ADRL
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Calculus Notes (1)

function vs functional
function: v = f(x) z,yeR
functional: vy =g9(f) feV,yeR ) vector space
functional: mapping from a vector (space) to a scalar

Remember: the ‘parametrization of a vector’ can
be ‘continuous’: a continuous function is
element of a vector space (cf. Fourier analysis)

J = f(x(t), u(t
i/;g SR L f( ( ) ( ))
Buchli - OLCAR - 2015 - L3 E'H Zurich
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Calculus Notes (1)

total vs. partial derivative

0 . f(y,t) =y +g(t) d

5 partial total T

0 0 d d

5/ (W 1) 579(0) ~9(t) /W)

) V= 5 5 d

af(ﬁ(t),t) ag(t) agp(t) | 3tg(t) Ef(aj(t)at)
d 0 .0 0 .0 0 .0
&f(yvzvt) = 6’yf8ty | 6,Ztlpé,t»z’ | 6’qu€1@)




time

LI example tTSP :
discrete

gridworlds
Markov chains

discrete

continuous

Petrinets
Discrete Event Systems

states

Ln+1 = f(xna n)
Map

continuous

Difference equations | | |

Differential equations

N _ _ _

—  — ——— —

ADRL

Buchli - OLCAR - 2015 - L3
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Continuous time system

System dynamics

Cost

i — e—ﬂ(tf—to)q)(x(tf)) i / 6—5(t—t0)L(X(t), u(t))dt

to

0 < 3 discount / decay rate
‘exponent ial decay’
;E ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich
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Continuous time optimal
control problem

Find contro contro S )t) p (tlcx(t)) In||n |

Goal: Optimal policy

u* = arg min J
U

Buchli - OLCAR - 2015 - L3 Ztirich
Tuesday 3 March 15
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Value function

Value function

Effect of final cost becomes/

more prominent, for later
time (increasing t)

Cost equals Value function at time 0
J = V(O, wo)

;E ADRL
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Optimal Value & Policy

y Vi(t,x) < VH(L, x) Vt € [to,tfl], x
,ﬂ — /

equivalent notation ~ Remember:V is based on cost = minimize

optimal value _
function

V*(t,x) = min VH(t, x) Vi e |t tf], @
L
Optimal policy is the one that minimizes RHS

n* = u(t) = argmin V¥ (¢, x) t € [to,ty)
L

* Discrete system (L2) could use the Bellman equation to find V...
* ...is there an equivalent for continuous time problems?
= Hamilton Jacobi Bellman Equation

;,E ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich
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Optimal Value Function

V*(t,x) :e—5<tf—t><1>(x*(tf))+/ e PO L(x*(t'), u*(t'))dt’

t

Buchli - OLCAR - 2015 - L3 Ztirich
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Hamilton-Jacobi-Bellman Equation

Informal Derivation
Discretize

tyr —to
of =
N

a=e Pt~ 1— Bt

t, = tg + not

X1 = X + f(xp, ug) - 0t

—1
B,y 26§ S, wionar
k=n
; 'E ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich




HJB Informal Derivation contd oo

N-—1
V(b %) = N "0 (xy) + 3 0L (s, ugf57)

k=n

Use results from discrete optimal control (L2):

Vv (T X) = lIlréilrjl{L(x, u

Taylor series of RHS:

For small ot

-~

Vi s Xaat) = f/*(tn + o0t,x + f(x, u)dt)

;E ADRL
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HJB Informal Derivation cont’d

Vv’ (tnt1,Xn41) = v (tn,x) +

plug into

V*(tn,X) = ‘c E+ aV* ( 1 Xn+1)}

~ - T
[/ 7k A% (tfr“ X) ov* (tn, X)
V*(tn,x) = Eéltr} {L(x u)ot + aﬁ V" (tn, x) + 5 ot + ( I f(x,u)dt
not dependent of u, take out of min op =~

OV” (£, X) 6t + (af/*(t””x) Tf(x, u)&} }

~

(1 —a)V*(t,,x) = min {L(x u)ot + «

ucU

a~1— Fot

ucU

BV*(tn,x) — min {L(X u)ét + a |«

=y

not dependent of u, take out of min op — -

OV*(tn, X)

— 5t + BV*(t,,x)6t =
5t # 0 T AV (tn, )
Iim o &1 T
St—0 | § av* .

1% — min
6’t uEU

L3 -28

é\g/& DRL  Hamilton |acobi Bellman Equation g ;
JBuchll OLCAR - 2015 - L3 q E'H Zurich
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Hamilton Jacobi Bellman

ﬁ Equatlon ™

William Rowan Hamilton . . ov*\ T
(1805-1865) = pBV" — min {L(X, u) + (8—}() f(x, u)}

Carl Gustav Jacob Jacobi
(1804-1851)

In g%neral: Nonlinear, Partial Differential Equation
Has no analytical solution...  : (

Backwards in time! V*(t;,x) = ®(x)
;5 ADRL
Buchli - OLCAR - 2015 - L3 E'H Zurich
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-

oV H

ot

oV H
Ox

~N

>Tf(x, w)|=

\_ J
total time derivative
*
av * °
= BV — min
(‘% ucu

%DRL

Buchli - OLCAR - 2015 - L3
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5‘/“ o L(Xv 11)

immediate change of V

{L(X, u) + (%Zk)Tf(x, u)}

ETH i

Tuesday 3 March 15
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Conditions for optimal control

HJ B: BV — N~ _ min {L(X, u) + (Eﬂ/ ) f(x, u)} no discount

ot ucU 0x

)
: . o0L(x,u) | oV \* of (x,u) B _
min RHS: u) ( i ) L a

‘small variation induced
by small variation of u’

SL(x,u) <8V*>T 5f(x, u)

ou 0x ou
immediate cost ‘paid’ for ‘gain’ of value through change in state,
small change in u induced by small change in u

‘gain’ of value induced by small change of u

ic _
dr

d*C
cost increases everywhere away from optimum —— <0
@ o " m
Buchli - OLCAR - 2015 - L3 Ziirich

Optimum: ‘locally flat’! 0
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Infinite time

J = / h e PUE—t) [(x(¢t), u(t))dt

0
. . . oV'*
Value function not function of time: Pl 0

BV" = min{L(x,u) (8V*)Tf (x,u)}

ucU 00X

Buchli - OLCAR - 2015 - L3 Ztirich
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Stochastic system

x(t) = fi(x(t),u(t)) + B(t)w(t), x(0) = xo

Mean: Elw(t) =w=0 mean-free

CO'Variance: E W(t)W(T)T] — W(t)(s(t — 7‘) uncorrelated over time
Elw(t)w(r)"] =0
t -7

Expected cost:

J=E {e—ﬁ“f—to)cp(x(t D) / ? e~ P —to) [(x(¢), u(t’))dt’}

to

;E ADRL
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Derivation of stoch. H|B

Optimal value function (cost-to-go)

cost over optimal trajectory, using optimal control

V(tax) =E {e—ﬂ(tf—t)cb(x*(t )+ / 1 e PEDEGE), u*(t'))dt'}

Leibniz’ rule (differentiation under integrals):

* m : - \ t-f e
dV d(tt, 37) — F 4 ,Be—ﬂ(tf—t)q)(x* (tf)) i 6/ e——B(t ——t)L(x* (t’), u*(t'))dt' |
| "

— = ——

BV*(t,x) — L, u (1)

known with certainty

dV*(t,x)
dt

- J
ADRL Intuition: immediate cost decreases cost-value, decay factor increases
% Buchli - OLCAR - 2015 - L3 E'H Zlirich

- ,BV* (t, X) e L(X, 11* (t)) intermediate result,

to be used later
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Derivation of stoch. H|B

cont’d

Taylor series expansion of Value function
dV*(t,x)

§ % o T 2 x
o] OV () G\ 1. 70VH(t,%) . A2
= F ¢ Py At + ( e ) xAt + 2x 2 x At

Plug in |
x(t) = fi(x(t),u(t)) + B(t)w(t)

using shorthand notation Vz* — 83‘;* f = ft (X(t), u(t))

av*
dt

;E ADRL
Buchli - OLCAR - 2015 - L3 E'H Zuirich
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1
—(f + Bw)TV* (f + Bw)At?]

VX |f + Bw)]At}

crBwn with certainty

tr|/AB] = tr|[BA]

d;; =V +V2Tr + %Tr (Vi E[(f + Bw)T (f + Bw)]At]
expand e
=V +VaTE 4 T [V,:x (ffTAt BE(wa)BTAt)]
rearrange = 0 (mean free noise)
dv* -

— v+ VTR 4 ~Tr |V (ffT At + BWBT 5(t)At>

dt 2 _
% Buchli - OLCAR - 2015 - L3 m Zuirich
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Stoch. H|B

vV v vTe g %Tr lv,:x (ffTAt + BWBTa(t)At)]

dt

Assuming that AlitmO d(t)At = 1, and taking the limit as At — 0,
_)

dV* 1
— =Vt Tl L L Vi BWB']

Replace LHS with { WEX) _ gye(t,%) - Lix, u*(t))}

(using intermediate result S32) dt

— = — S e — S — __

BV*(t,x) — V;*(t,x) = min {L(x, u(t)) + Vit (x, u(t)) + %Tr[V;‘xB(t)W(t)BT(t)]} |

o u(t) o , ——
Hamilton Jacobi Bellman Equation

;5 ADRL
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‘Stochastic’ Hamilton Jacobi
Bellman Equation

u(t)

BV*(t,x) — V;*(t,x) = min {L(x, u(t)) + Vit (x,u(t)) \ %Tr[V,fxB(t)W(

add’l cost ~

compare to deterministic H|B: sv - % = min {£6cu) + ((X)Tf(x, w |

ucU

;E ADRL
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Stochastic System

Discrete Time

Optimization Problem:
Xn+1 = f(xna un) + Wn
Wpn ~ w(' | xn,u‘n)

N-1
min E{a¥®(N)+ Y. o*L(xx,w)} a€/0,1]
Up s N1 k=0

Stochastic Bellman equation:

Continuous Time

Optimization Problem:
dx = f(x¢, ue)dt + B(x¢, us)dwy
Wi~ N(O, 2)

min E{e P ®(ts) + [3’ e PtL(x¢, ue)dt}

uo—)tf
Stochastic HJB equation:

Deterministic System

V*(n,x) =min{L(z, un) BV*(t,x) — V7 (t,x) = rrlllin{L(x, ug)+

U, ¢

+aE[V*(n+1,Xp41)]} SeFtiQ" 133 V2T (t, x)f(x, ue) + %Tr[V;x(t,x)BEBT]}
Infinite horizon: a€[0,1) Infinite horizon:
O(N) =0 V* is not function of time. | P(ts) =0 V* is not function of time. |

n w ny - Wy~ MQ*O)’*—Q—S'QJ, i.e. r—
Optimization Problem: _ Optimization Problem: J
Xn+1l = f(xﬂa un) v dx = f(X(t), U(t) )dt v
) N=1
min {aV®(N)+ Y o L(x,ux)} a€(0,1] min {e P/ ®(t;) + fot’ e PtL(x¢, uy)dt}

Up4N-1 k=0 U0+t ¢
Bellman equation: HJB equation:
V*(n,x) =min{L(x, u,) BV*(t,x) — V;*(t,x) =r‘r‘1in{L(xt,ug)

Un (t)

+aV*(n+1,%u41)} Section 143.1 + V2T (¢, x)f(x, )}
Infinite time horizon: a€[0,1) Infinite time horizon:
®(N)=0 V* is not function of time. P(ts) =0 V* is not function of time.

L2

ADRL
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