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Class logistics

Exercise 3 Due: Tue. May 26 - midnight

Interviews: Thu/Fri. May 28/29
https://ethz.doodle.com/bsi/gvkycvrmht6t
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Review on: Gradient
descent methods
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Analytical optimum

Minima (and maxima) of functions

n-dimensional: ¢ = f(zq,...,z,)
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Minimum is an ‘inflection point’
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Gradient descent

o Start from initial X,

* Loop until convergence

. 0C(x)

_ym- x|,

Learning Rate

Idea: Go to the direction where C decreases, negative
direction of gradient vector
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Optimal Control problem
with parameterized policy

What if instead of finding the optimal control
input (which is a function) we find an
approximation of that (function approximation)

T = @(t,)+ [ L(x,u,)ds o = D(x, )+2L(xk i4,)

Mo Em Sl st %= /()
u(n,x,0)
0=1[01,....0,]" »<i
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Policy Parameterization

Optimal Control problem:
7= 6lx(), 41+ | LIx(0), u(o), 11 d

W.r.t
(1) =fx(d),u(0), 1),  x(t0) =%o
Parameterize the control If we can write cost as
- an explicit function of
u(t)=uk, 1), HL=I=k parameter vector Y,

UL S I
o . imt it

ulk, t) = 4;1 [ku sin -1 +k,; cos G- ‘0)]
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Example: Cart on a track

‘ X=yp & e
R—T3 WETT()) *1 = X2
; - Xy=u:
| - X v m
0 100 u

J= q(x,,—100)2+r u dt

kit* kot

(1) = ‘2 + Z J = ql(50k, + 166.7k;) — 100] +

. ————— k 7 ) . 2

= ka__z_t- r(10kt + 100k, k, +333.3k2)
aJ

— = ky(500q9 + 2r) + k,(166.7
ok, k1(500g r) + ky( q+10r)—1000q ‘ [ (5009+2r) (1666.7q+ 10r) ][ ] 1000
a e (1666.7.q+10r) (5555.6q +66.7r) [3333 3]
3k, = ka(1666. 7q+101) + ky(5555.69 + 66.7r) — 3333.3¢ \ o
| Ak = Bg

Sron o
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Analytical gradient descent

H

J o= Zykr(xk,uk) Policy parameterization
=0

st. x ., =f(x,u) u, =u(n,x;0)

Solve the system dynamics analytically

X 1= f(x » U ) | ’
u, =u(n,x;0) e —————————————————— S rewara ©)

;E ADRL
Buchli - OLCAR - 2015 E'H Zurich

Monday 18 May 15



LI3 -

Simple gradient descent

Algorithm 11 Gradient Descent Algorithm
given
A method to compute Vg J(8) for all 8
An initial value for the parameter vector: 8 + 0
repeat
Compute the cost function gradient at 6
g =VpJ(0)
Update the parameter vector
0+ 0 —wg
until convergence

Xy = J(x,,u,) ) ¥,(0) o) ©)
u = u(n,x;e) — reward
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Why analytic GD might not
be feasible...

® For a general nonlinear system it is not possible
?

Xpsl = f(xn,un) xn(e) y
u =u(n,x;0) L S rewara ©)

® |f the model is not given
?

X4l =xn,un) === ¥, (0) =) J ©)
U = u(n,x;@) e SO 3 P R reward
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Black box/Model free
gradient descent

What if | have no model? l.e. C = f(x) is not known.

Estimate the gradient  g=[V/,,..0)]

Use the environment as ‘model’:
probe, and update based on
experience
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Estimation of gradient

dj®) .. J(O+do)—J(® dJ@) . J(O+do/2)— JO - do)/2)

#zdlé% | d; “ oR b do

dJ () N J(0+ Af) — J(0) one-sided estimate
do AO

dJ(0)  J(0+A0/2)—J(O—A9/2)  two-sided

df AB estimate

VJ(61,0s,..., ep):[a‘] 9J ﬂ]

00,’ 005" 90,

Leads to Finite Difference Method
ADRL
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Example

Assume two parameters 0 = [0; 03]

Thus need three samples of the cost:

(e.g. measurement at point of interest, and two one-sided estimates)

J(0), J(0 + AB1), J(O + AO,)

g'_]_(g_)z'](9+A9)_,](g)
do Af
J(O0+ Ab,) =~ J(O
N J(01,0s,....,0,) = STJ’(%] ’’’’ a%] ( 1) ( )
S J(0+ Aby) ~ T

% DRL
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J(0 4+ Ab,) ~ J(0) + AG{ V()

J(0 + Aby) ~ J(6) + AGLV .J(6)

Aoi VJ(6) J(0 + A6,) — J(6)

A0 | _J(O + AOs) — J(O)_

if perturbations not parallel -iz;: is a 2-by-2 invertible matrix

o — _1 -
AG] J(0 + A61) — J(6
Al _J(O + A@3) — J(6)

é@DRL
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Example 2

Three one sided perturbations

J(O+ AB1), J(0+ AB2), J(6 + 03)

J(0+ A6y) = J(0) + A6IV.J(6)
J(0 + ABy) = J(6) + AOEV.J(6)
J(0+ AB3) = J(6) + AOLVJ(6)

unknown J(0) and VJ(0)
;E ADRL
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J(60 + A6,)
J(6 + ABy)

J(0) + ATV J(6)
J(6) + AOIV J(6)

J(0+ AB3) = J(6) + NGV J(6)

in matrix from

AGT 1]
AGE 1

A0 1]t

V.J()

J(0)

unknown

- AG))
- AB,)
- AB3)

LI3-24

if perturbations pair-wise independent, invertible:

@DRL

VJ(0)!

|52

AOT
AGE
ACH

— [

Buchli - OLCAR - 2015
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General FD

General case for p+1| samples:

J(6+ A8,) = J(0) + A6 V.J(6) CJO+08) ] [A6T T
J (0 + Af;) = J(6) + AG; VJ(6) J (0 + ABs) AT 1| [vJ(e)
- : | [ 7(6) }
J(0 + A8,) = J(8) + ABTV.J(6) LI(0+A46,)]  [AG,, 1]
J(0 + A8,.1) = J(8) + AOT,,V.J(6) J A®
VIO _ ne-13
| 9 |
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Stochastic Case
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Stochastic problems

Noisy cost function

sl
4 451
| at
3.5}
3
2.5
2
1.5

1.5 1.6 1.7 1.8 1.9

@D ~ | VYVhat about gradient now!?
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Stochastic FD

Return for a single rollout
N-1
R =®(x(N))+ > Ly (x(k), u(k))
k=0

Cost is expected return

J = E[R]

Approximate return by averaging (K rollouts)

need K X (p+ 1) evaluations of the cost function
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Expected gradient

need K X (p+ 1) evaluations of the cost function

J

- f 74 5:15—1 Rk(g g
& > iy R¥(6 -

VJ(6)

7 (6)

1T 7 N k=\w/\I\ T VI J

- A6)
- ABs)

_% ka—l R*(0 + ABpy1).
N —— i —

[ AT
AOS

67,

S —

A®

— AO®1J

1
1

1

—

V.J(0)
| J(0)
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Instead of doing many N < Kx(p+1)
(similar) perturbations -

p— —

R(O + A6) AG7 1
R(6 + ABy) AG; 1| [vJ(6)
' ' - J(0)

—

_R(9 + AHN)_ _AO% 1|
—_—— ———
R ANC,

A®is N x (p+1) it N>p+1
A® rank p+1
use left pseudoinverse

-
VIO6)| _ retR = (AGTA®)1AGTR

geporL L.
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Finite difference - general

) »
Vi) — AOR = (A(-)TA@+AI)‘1A®TR
J(0) _
" R(O+ A6, AGT 1]
+ A AOL 1
- _ R(0 | 9-) | . ¢.92
_R(9+A9N)_ _AO% 4
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Algorithm 12 Gradient Descend Algorithm with Finite Difference Method
given
The cost function:
J = B [®(x(N)) + Y35 Le (x(k), u(k))|
A policy (function approximation) for the control input: u(n,x) = p(n,x;0)
An initial value for the parameter vector: 8 < 0
The parameter exploration standard deviation: ¢
The regularization coefficient: A
The learning rate: w
repeat
Create N rollouts of the system with the perturbed parameters 8 + A8, A8 ~ N(0,c?I)
Calculate the return from the initial time and state for the nth rollout:
R(0 + A6,) = B(x(N)) + YN L (x(k), u(k))
Construct R and ® matrices as:
Ryx1 = [R(0+ AB,)],,, Onypir) = [A6) 1]
Calculate the value and gradient of the cost function at @

[W (9)] = (A®TA® + A\I)'AGTR

J(0)
Update the parameter vector:
0 0—-wVJo)
until convergence

ADRL
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Learning Rate
&
Stability of gradient descent

Stability of maps
0C(x) ]

xm+1 = xm _Ym ax g xm+1 = T(Xm)

d X

Small perturbation should be damped out

X =X +AX
x;n+1 =Xm+1+AXm+1 h —1< -d—T- <1
T dax |,
Ax . =|—| AX
_dX_Xm

‘\ Taylor first order approximation
;5 ADRL
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Numerical examples

3
) =0
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; v=10.5 C=z4+b = @ = 27

".| d dx
1 ':,“: 1> @(a} —7y2z) > —1

1>(1—-2y)>-1 = ~v€(0,1)
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Stability of gradient
descent

Basic stability:

2-nd derivative tells about stability,
for n-DOF: Hessian

Step size:

Buchli - OLCAR - 2015 Zuirich
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Exploitation vs.

Exploration

Choice of learning rate parameter vs. local
minima, convergence speed

Solution is often adaptive learning rate,
but...

* freezing to quickly, get stuck in local
minimum

* freezing too slowly, slow convergence, wild
oscillations in solutions
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Newton Method

® Faster convergence

® | ess sensitivity to the learning rate

X, =%, =Y, (H,(x,)) VC(x,)

- MNewton's direction

VC(-X ) = % ////,/——___\\It\-- Gradient descent
-G =)
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A real implementation on a
robot

Watch on YouTube “Robot Learning to Walk (Toddler)”
https://www.youtube.com/watch?v=gogqgWX7bC-ZY
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[Locomotion Skills for Simulated

Quadrupeds

-

\ ] ~ R Ve !
Stelian Coros'? Andrej Karpathy' Ben Jones

. 3 . . |
[Lionel Reveret Michiel van de Panne

P : . . g : . Y : .
University of British Columbia Disney Research Zurich

'INRIA, Grenoble University, CNRS
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Flexible Muscle-Based Locomotion
for Bipedal Creatures

SIGGRAPH ASIA 2013

Thomas Geijtenbeek
Michiel van de Panne
Frank van der Stappen
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Problems of FD

* Multiple minima

* Non-smooth cost functions

* performance

* robustness

* step size - exploration vs. exploitation

® noise

* at min. gradient = 0

* when converged?

* Lots of algorithmic parameters

* One update might be computationally intensive
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